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Prev ious i n v e s t i g a t o r s  have demonstrated t h e  s i m i f a r i t i e s  of 

cohesive and adhesive f r a c t u r e  through s o n t i  nuum mechanical energy 

approaches. These approaches have been appl  i e d  t o  v i scoe las  t i c  

cohesive f a t i g u e  f r a c t u r e  problems and t o  e l a s t i c  adhesive f r a c t u r e  

analyses. Experimental  r e s u l  t s  g raph i  c a l  l y  i 11 u s t r a t e  t h e  need f o r  

thermomechanical coup l i ng  cons ide ra t i ons  i n  v i s c o e l a s t i c  f a t i g u e  

f r a c t u r e  p r e d i c t i o n s .  An adhesive f r a c t u r e  t e s t  method was developed 

t h a t  v e r i f i e d  t h e  a n a l y t i c a l  p r e d i c t i o n s  and a l s o  has eng ineer ing  

a p p l i c a t i o n s  f o r  e v a l u a t i o n  o f  bond s t reng ths .  Some appl  i c a t i o n s  a r e  

demonstrated by e x a m ~ l e s  o f  a  so l  i d  r o c k e t  motor and a  f i l a m e n t  

wi thdrawn f rom a sur round i  nq m a t r i x .  



1, INTRODUCTION 

r..-- s,,,,. 
L V W ~  r "rii e a r l i e s t  times, as mag began t o  reshape hdis environment,  

t o  implement naturally occurring materials as tools ,  weapons and pro- 

tect ive s t ructures ,  he has been plagued by fracture were made useless by 

impact f racture.  Roman soldiers became defenseless when the i r  bronze 

sword blades fractured against the steel blades of Damaskians. Price- 

less  stone a r t  objects were fractured by careless handling. More 

recently, many lives have been los t  because of f racture in bridge 

s t ructures ,  automobile, airplane and construction components. As greater 

reliance i s  placed on structural extensions of man's a b i l i t i e s ,  i t  i s  

increasingly important tha t  fracture be understood and controlled. 

1.1 HISTORIC BACKGROUND 

Probably one of the f i r s t  s ignif icant  observations that  led to  

a better understanding of fracture came when Gal i 1 ei ( l )  attempted 

to  measure the strength of iron bars. Through very arduous labor, 

he made and loaded a number of bars of different  lengths to  fa i lure .  

He observed tha t  the i r  strength was inversely proportional to l ength. 

This was a surprise.  I t  had been previously recognized that  the force 

necessary to  break a specimen was l inearly proportional to  the s ize or 

cross-sectional area. B u t  t h i s  length dependence--was i t  a new 

phenomenon? 

Progress was slow, thinking clouded by supersti t ion,  b u t  eventually 

i t  was recognized t h a t  a11 technical m a t e r i a l s  c o n t a i n  f l a w s  and t h a t  

these f l a w s  influence f r a c t u r e ,  Once flaws were recognized, G3liledi's 

work could be re-examined, H is  manufac tu r ing  techpiques were crude 
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and  each o f  heis bars conta ined f l a w s ,  some more than others. From 

a s t a t i s t i c d l  approach,  q u a n t i t i z e d  by Wei b u l l  ,'2) t he  longer the 

bar, the greater the p r s b a b i  l i  t y  s f  c o n t a i n i n g  a la rge  f l a w .  Then 

i t  was understood tha t  Gal i l e i  ' s  experiments were influenced by the 

distribution of flaws, not by length. 

Several investigators developed qual i ta t ive ideas about f racture 

and s t ress / s t ra in  c r i t e r i a  for  fracture developed. In 1913, Inglis (3 )  

developed a s t ress  analysis for  a large plate containing an e l l i p t i c  

hole, which in the l imit  became a sharp crack. I t  was not until  

~ r i f f i t h ' ~ )  added his energy balance concept to  the Inglis work that 

b r i t t l e  or e l a s t i c  f racture was quantitatively described. 

Before Gr i f f i th ,  the concept of s t r e s s / s t r a in  was used as fa i lure  

c r i t e r i a .  The technique, much the same as today, was to  consider a 

s t ructure,  calculate the s t ress/s t rains  in the loaded s tructure,  and 

then compare these calculated values with measured ultimate tens i le  

strength of the material. The solution developed by Pnglis predicted 

inf in i te ly  h i g h  s t resses  a t  the t i p  of a sharp crack, regardless of the 

magni tude of the applied (posit ive) load. So comparisons of this  

predicted s t r e s s  value to measured ultimate values become meaningless. 

Griff i th  recognized that  while the calculated s t ress  was mathematically 

singular, the dis t r ibut ion was proportional to  the inverse square root 

of the distance from the crack t ip  and the resulting s t r a in  energy was 

f i n i t e  and calculable. He then postulated that  there i s  a character is t ic  

fracture enerqy associated with creatinq new surface, and demonstrated 

how an enerqy balance cou ld  be made for a sheet o f  b r i t t l e  material (a lass )  

containing a crack and how the c r i t i ca l  s t ress  ( j u s t  large enough t o  cause 



the pre-exs"sdl"ng crack t o  grew) depends upern tk~rkt fracture energy, 

From fracture  experiments made u s i n g  glass ,  t h e  f racture  energy was ca l -  

cu la ted ,  Independent exper iments t o  determine the surface energy were 

conducted a t  e l eva ted  temperatures by hanging weights  midspan on t h i n  

g l ass  f i b e r s  suppor ted a t  e i t h e r  end. The su r f ace  energy and t h e  f r a c -  

t u r e  energy were found t o  be approx imate ly  equal and i t  was deduced 

t h a t  o t h e r  d i s s i p a t i v e  mechanisms were n e g l i g i b l e  i n  t he  f r a c t u r e  of g l ass .  

I n  p r i n c i p l e ,  G r i f f i t h ' s  energy balance concept i s  v a l i d .  It g i v e s  

t h e  accura te  f u n c t i o n a l  r e l a t i o n s h i p  between t he  a p p l i e d  s t r e s s  a t  f r a c -  

ture and f l a w  s i z e  f o r  b r i t t l e  m a t e r i a l s ,  and g i v e s  f avo rab le  comparisons 

between p r e d i c t e d  cohesive s t r e n g t h  i n  d e f e c t  f r e e  m a t e r i a l  and e x p e r i -  

m e n t a l l y  determined s t reng ths  f o r  s i n g l e  c r y s t a l  whiskers.  I n  p r a c t i c e ,  

G r i f f i t h ' s  concept g i ves  adequate approx imat ions f o r  f r a c t u r e  a n a l y s i s  o f  

many eng ineer ing  m a t e r i a l s ,  however, d i f f i c u l t i e s  a r e  encountered when 

the  concept, developed f o r  b r i t t l e  m a t e r i a l s ,  i s  a p p l i e d  t o  d u c t i l e  

 material^'^) due t o  t h e  e lus iveness o f  t he  va lue  o f  t he  f r a c t u r e  energy 

and t o  t h e  l a c k  o f  c rack  l e n g t h  s e n s i t i v i t y .  ~ n v e s t i ~ a t o r s ( ~ )  o f  me ta l  

f r a c t u r e  o b j e c t  t h a t  t h e  Griffi t h  concept represen ts  an overs impl  i f i  c a t i o n  

o f  a  s e r i e s  o f  much more compl icated phenomena i n  an age when t h e r e  i s  

no need t o  r e s o r t  t o  such a  gross o v e r s i m p l i f i c a t i o n .  Many i n v e s t i g a t o r s  

then  t u rned  t o  m ic roscop ic  and atomic s c a l e  models w i t h  t h e  development 

o f  t h e  D i s l o c a t i o n  Theory i n  7934, Through models o f  a tomic s tack ing  

f a u l t s ,  d i s l o c a t i o n  movment,  tw inn ing ,  e t c .  many f e a t u r e s  o f  meta l  

behav io r  were descr ibed  .. These s tud ies  have produced v a l  uabl  e r e s u l t s  , 

i n c l u d i n g  exp lana t ions  s f  the  development s f  sharp cracks i n  an i n i t i a l l y  

" f l a w  f r e e "  m a t e r i a l  (see c o t t e r e l  l - ~ u l  l j 7 ) ) .  A t  p resen t  these 

s tud ies  a r e  incomplete and a 9 0 0 ~  has n o t  c losed between d i s l o c a t i c n  

s t u d i e s  and a q l s h a l  eneray approach t o  f r a c t u r e ,  



In 1945, — rowan'') reported c h a t  x-ray a n a l  ys i s  ihowed extensive 

~ l a s t i e  defo rmat ion  oq the fracture surfaces of materials which had 

fai led in " b r i t t l e  fash ion . "  Then i n  1948, 1rwin"' oointed o u t  t h a t  

the Griffi  t h  type eneray balance must be between the s t ra in  enerqy 

stored in a specimen and the surface enerqy olus the work done in 

plast ic  deformation. Further work by Orowan (8) elucidated the manner 

of t r e a t i  nq p las t ic  deformations and demonstrated that  the modified 

Griff i th  condition for  fracture i s  not only a necessary b u t  also 

a suff ic ient  condition for  crack propaqation. I t  resulted that  the 

fracture enerqy was the sum of the surface enerqy and the o las t ic  work. 

The s t ress  c r i t e r i a  to fracture has nersisted. Stress f i e ld  

ex~ansions for  crack t ip s  qiven by Sneddon (I0) have been extended by 

Irwin (") and wil l  iams(12) in general for  any isotrooic e l a s t i c  body. 

The local s t resses  near the crack t i n  may be expressed in terms of 

a parameter K which i s  desianated the "Stress Intensity Factor ," 

Irwin (11 1 showed that  for e l a s t i c  materials the energy approach i s  

equivalent to  the s t ress  intensity approach. Linear theory of e las-  

t i  ci ty  orovides unique a n d  sinql e valued re1 ationshi PS amonq s t r e s s ,  

s t r a in ,  and energy. Therefore, an enerqy fracture cr i ter ion has i t s  

equivalent s t ress  and s t ra in  c r i t e r i a ,  a l l  of which are mathematically 

indistinauishable. For materials exhibiting n las t i s  Flow, however, 

such i s  not the case. 

Analytical solutions have been develoned for elastic-pl as t i  c 

materials i n  shear by Hult and ~ c ~ l i n t o c k " ~ ) .  For crack opening in 

simple tension, approximate methods are beina used. For instance, 

recently ~ o l  i a s ( 1 4 ) ,  usinn the Buqdale model (a  narrow band of 

n las t ic  deformation preceding the crack f ront )  has success f~r l ly  demon- 

strated a manner i n  which plast ic  flow may be included in fracture 



analyses o f  curved ~ l a t e s ,  

Returninq t o  t h e  enerqy aonroach, a n a t t e r n  beqins t o  emerge, 

There i s  nothins basically wrong with an eneray a~proach ,  b u t  whereas 

Griff i th  was able, in assuming b r i t t l e  behavior, to balance the energy 

i nterchanqe between el a s t i  c s t ra in  enerqy and surface enerqy , t r ea t -  

ment of non-brittle materials necessitates consideration of additional 

dissioative energies. ~rwin") emohasized tha t  a l l  enerqy dissipated 

as a fracture proqresses, including tha t  n o t  d irect ly  related to  the 

formation of new surface area, must be considered. Within th i s  frame- 

work, i t  appears a l l  materials may be included, even those with time 

de~endent material o r o ~ e r t i e s .  For example, i f  one were t o  inquire 

about application to  viscoelastic materials, the major dissipative 

mechanism i s  internal damoing. 

Many materials, including the organic polymers, exhi b i t  complex 

behavi or. Frequently polymeri c materi als are described as being visco- 

e l  as t i  c a t  temperatures above the i r  glassy t r ans i t i  on temperature and 

e l  a s t i c  be1 ow tha t  transit ion temperature. Such generalizations can be 

deceptive; for  example, polymethyl -methacry1 ate (PMMA) and polystyrene 

have glassy transi tion temperatures we1 l above room temperature and  are 

frequently referred t o  as organic glasses, Fracture investigation fo r  

these materials , closely paralleling those in metals, ( I 6 )  have shown 

plas t ic  flow work terms about lo3 times greater than the surface energy. 

Hence, energy considerations must include p las t ic  work terns in the 

glassy region o f  these, and probably most, polmeric materials. I t  

i s  not c lear  a t  the moment whether viscoplastic considerations must 

also be carried through the t ransi t ion regions for such materials. 



R i v l i n  and Thomas (I7) i n  an ex tens ion  of the G r i f f i t h  theory pro- 

pose t h a t  fracture impends when 

where T i s  a character is t ic  energy density 

u = e l a s t i c  stored energy 

A = crack area 

and where the subscript I indicated no further work i s  done during the 

interchange of stored energy t o  surface energy. Similar resul ts  were 

used by Berry (I8) fo r  in i t i a t ion  of an edge crack configuration. Rivlin 

and Thomas were careful to  emphasize tha t  dissipation, other than surface 

energy, could occur during the fracture process, 

~i I 1 iams(19) observed that fo r  a conservative system, the energy 

balance consists of separating the energy input into i t s  various output 

components. In the simple b r i t t l e  case considered by Gr i f f i th ,  the 

deformations are a l l  presumably el  as t i  c and the work p u t  in to the 

system i s  dissipated or transferred into the work of creating new 

surface. For a propagating crack, kinetic energy must also be 

considered. For  more complicated materi a1 behavior, appropriate 

dissipative energy terms such as p l a s t i c  work and viscoelastic 

dissipation are included. Since these terms are a l l  scalar  energies,  the 

resulting c r i t i ca l  s t ress  may be expressed as 

where k i s  constant for  the geometry considered, E i s  the material 

modulus, a is the h a l f  crack length and IT! re f lec ts  the summation 

o f  the diss ipat ive processes in the material, For b r i t t l e ,  duc t i le ,  



and viscoelastic materials,  respectively, one would inser t  ib, Td, 

and rv. For b r i t t l e  materials,  i n  which Tb >, Td t T y j  one recovers 

the Griff i th  relat ion.  

Experimental evidence led to  more careful consideration of the 

dissipative mechanisms in viscoelastic fracture.  In order to elucidate 

the viscoelastic diss ipat ive influences on fracture,  Wi 11 iams ( I 9 )  has 

chosen a spherical flaw model which will be described more completely 

l a t e r .  

I t  was found tha t  the c r i t i ca l  s t ress  was predictable in terms of 

a geometric fac tor ,  viscoelastic compliances to  account for 

viscous dissipation, and the surface energy density. This i s  a particu- 

la r ly  s ignif icant  contribution since the viscous dissipation enters 

through a time and hence a load history dependence. 

The spherical flaw model appeared to  be such a convenient device 

for exploring the implications of viscoelastic f racture that  Williams 

e t  a l .  ( * 0 5  ut i l ized  i t  in a study of isothermal cumulative damage. 

Certain parts of th i s  study are  offered in this  thesis as contributions to 

a better understanding of cumulative damage in a l inearly viscoelastic 

material. 

More recently Noel, Burton and Harbert (") have investigated 

cumulative damage in a viscoelastic rocket fuel .  Analyses were 

extended using the spherical flaw model to  predict propellant behavior 

under a variety of loading his tor ies .  Their experimental resu l t s ,  

however, were somewhat clouded by the i  nappl icabi l  i t y  of l  inear 

viscselast ie  consti tutive relations to  the sol i d  propellant. The 

imp1 icat isns  of viscoelastici  t y  are that  loading and hence damage 



e f f e c t s  decay w i t h  t i m e  or  t h a t  the material displays a f a d i n g  memory. 

For t he  material stud-r'ed, pe rmanen t  damage was expers'eileed, Coa?ts"nuum 

mathematical models may be f i t t e d  t o  experimentally determined response 

for  composite materi a1 s . Such pemanent damage i s  currently being consider- 

ed in the development of more general consti tutive relations by Farris.  (23 

There are  certain s imi lar i t ies  to  be noted between cohesive and 

adhesive fracture.  Analytical developments from conti nuum mechanics 

describe s t r e s s  s i  ngulari t i e s ,  a1 bei t of different  types, for  crack 

t ips  whether these cracks l i e  imbedded within a single material ,  or 

along an interface between two materials. The energy approach neatly 

circumvents the d i f f i cu l t i e s  experienced in cohesive fracture analysis 

and appears applicable t o  adhesive fracture analysis. 

1 . 2  CONITINUUM APPROACH TO ADHESIVE FRACTURE 

With the increasingly frequent use of adhesives to join dis- 

similar materials,  i t  i s  important to  understand and to be able to 

predict adhesive fracture.  Adhesive fracture studies have ranged from 

the atomic structure viewpoint through global energy balance based on 

continuum mechanics. Whi 1 e the l a t t e r  approach wi 11 be taken, i t  

i s  appropriate to  review some of the resul ts  of atomic approaches. 

Adhesion may be defined as the s t a t e  in which the surfaces of two 

materials a re  held together by interfacial  forces, An adhesive i s  a 

material or substance capable of holding materials together by surface 

attachments. These def i ni tions are qui te  y eneral and of ten ambiguous, 

For that  matter, the term adhesive may not be necessary academical ly 

since a thin film of material may af fec t  adhesion w i t h  a material 

surface on the one s ide ,  and a l s o  may a f f e c t  a d h e s i o n  w i t h  anether 

and possibly different  material surface on the other side,  



However, t o  remain cons i s ten t  w i t h  the voluminous quantit ies sf 

1 i terature  on the subject ,  the above definit ions w i  1 l be used t o  

describe the s t a t e  in which a material f s  held together by internal 

forces. If  a piece of material i s  pulled apart ,  these cohesive 

forces must be overcome. If  then, these pieces are  physically 

rejoined without intentionally introducing a binding medium 

(adhesive), i t  i s  in a s t a t e  of autoadhesion. If however, one of the 

pieces i s  joined to  a different  material ,  then adhesion i s  said to 

exis t .  I t  i s  easi ly  envisioned that in the joining of two pieces of 

material, surface roughness and contamination such as dust, a i r ,  or 

o i l ,  will influence the proximity of atoms across the interface,  and 

hence, i f  the forces are dependent upon proximity, the forces. 

This indeed i s  the case. On the atomic sca le ,  forces that  have 

been defined incl ude : (24) 

1) Primary bonds 

a )  Ionic bonds develop between the atoms of certain dis- 

simi l a r  elements when one element possesses easi ly  

detachable valence electrons and the other element 

requires additional electrons t o  f i l l  an electron shel l .  

b )  Covalent bonds are said t o  exi s t  when atoms of certain 

elements have a tendency to share some of the i r  valence 

electrons. 

c) Metallic bonds also resul t  from sharing of valence 

electrons,  except these e lec t r r ss  may circulate freely 

within the body, forming a kind o f  electron cloud that 

holds the positively charged ions together i n  a close- 

packed confi gurati an.  



Secondary ( in termalecular ,  Van deu' kjiaalg bonds (25)  

Even though the valeiicy forces of atoms are saturated within 

a molecule, molecules s t i l l  a t t r ac t  each other with much 

weaker forces. These forces, ari sing from permanent or 

induced dipoles may be divided into three known groups. 

The effects  are named a f t e r  the respecti ve investi gators . 

a)  The Keesom ef fec t  (also orientational effect)--Attractive 

forces may be observed between two molecules with 

permanent di pole moments . Keesom ( 2 6 )  found the energy 

of attraction for  two like molecules of dipole moment 

1-1, i s  given by 

where k = Boltzmann constant 

T = temperature 

= distance between molecules. 

For dissimilar molecules of dipole moments 1-1 I and 112 

2 2 
2 u ,  1-12 

v - - - 
Keesom 

3 k T  r 6 

b) The Debeye e f f e ~ t ( ' ~ ) - - ~ u r i n ~  experimental investigations 

a t  re1 a t i  vely high temperatures, Debeye observed molecular 

attractions that could n o t  be attributed t o  the Keesom 

effect .  He concl uded an addi t i  onal a t t rac t ive  e f fec t  

existed and  was the r e s u l t  of p o l a r i z i n g  ar"ten e r  



jnduced dipoles - The rnutua X ad t rac t i  ve p o t e n t  i a1 energy 

for two l i k e  molecules was found t o  be 

where i s  the p o l a r i z a b i l i  ty o f  the molecule. For two 

d i  f fe ren t  molecules, t he  expressi  on becomes 

2 

v - - - 
Debeye r 6 

C) The London e f fec t (28 ) - -~ondon  po in ted  out t h a t  i f ,  i n s t e a d  

o f  consider ing the  t ime average e f f e c t  and consider ing 

i ns tead  an instantaneous p i  c tu re  o f  the  mol ecules , 

var ious e l e c t r o n i c  conf igura t ions  cou ld  e x i s t .  Thus , 

f o r  s h o r t  t ime i n t e r v a l s ,  the  molecules would possess 

d ipo les ,  ;$hi ch would a c t  upon neighbor ing molecules and 

induce d ipo les  i n  them. The consequence o f  such an 

i n t e r a c t i o n  i s  an a t t r a c t i o n  between molecules. London 

found by a quantum mechanical t reatment  o f  the problem 

t h a t  t he  mutual a t t r a c t i v e  p o t e n t i  a1 energy was given 

by the  expression : 

h v  a 
2 

- 3 - - -  0 

 on don 4 r 
6 

where h = Plancks constant 

V 
0 

= the character is t ic  frequency s f  the molecule. 

For t w o  molecules o f  poiarizabilities CY and u2 and 
I 



eharacteri s t ,  c frequencies v and v2  t h e  expressi 
i 

he comes 

3 
h v  v  
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Another i m p o r t a n t  conc lus ion  reached by London was t h a t  

a i s  e f f e c t  i s  s imply  a d d i t i v e ,  i .e . ,  t he  simultaneous 

i n t e r a c t i o n  o f  many molecules can s imp l y  be b u i l t  up as 

an addi t i ve superposi  ti on o f  s i n g l e  f o r ces  between p a i r s .  

The London e f f e c t i s  always l a r g e  i n  comparison t o  t h e  

o t h e r  e f f e c t s  mentioned and,except f o r  t h e  most p o l a r  

molecules,  appears t o  predominate. 

Hydrogen bonding. Some authors (29)  p r e f e r  t o  ca tago r i ze  

hydrogen bonding w i t h  Van der  Waals f o r ces ,  whi l e  o the rs ,  

because o f  the  s i g n i f i c a n t  r o l e  hydrogen bonding p l  ays i n  

po l ymer i c  m a t e r i a l s ,  p r e f e r  t o  t r e a t  i t  under a  separate 

heading. Whichever t he  case, hydrogen p lays  a  somewhat 

unique r o l e  s i nce  i t  can e x i s t  bo th  as a  p o s i t i v e l y  charged 

and as a  n e g a t i v e l y  charged i o n .  The nega t i ve  i o n  i s  f o m e d  

b y  i m p e r f e c t  s h i e l d i n g  o f  t h e  p o s i t i v e l y  charged nuc leus 

by t h e  s i n g l e  e l e c t r o n  i n  a  n e u t r a l  atom. Th i s  i m p e r f e c t  

s h i e l d i n g  w i l l  r e s u l t  i n  a  cons tan t l y  s h i f t i n g  d i p o l e  which 

has a  weak tendency t o  acqu i re  another  e l e c t r o n  by p u r e l y  

i o n i c  a t t r a c t i o n .  T h i s  property o f  t h e  hydrogen atom 

enables i t  t o  b r i d g e  two negative i o n s ,  i n  what  js known 

as hydrogen b o n d i n g ,  



The b ind ing  forces i n  elmtents and  cke~nieal ccmpounds are usually 

mixtures of the idealized types discussed above. To g e t  a feel f o r  

the contribution of each type bonding,(24) i t  i s  interesting to  note 

that  primary bonds usually have an energy of 2 t o  10 electron volts 

(ev)/atom, while the energy for  hydrogen bonding i s  between 0.2  and 

0.5 evlatom and fo r  secondary or Van der Waals bonding i s  0.02 Lo 

02. evlatom. 

More detailed discussions of the binding forces and adhesion 

in general a re  found in texts by Houwink and ~ a l o m o n ( ~ ~ ) a n d  by Patrick. (29 

A necessary part  of the approach for  establishing strong bond joints  

and for  developing good adhesion i s  a study of atomic and chemical in te r -  

actions. However, the gap has not been bridged so tha t  atomic scale 

models can be used quantitatively for  f racture analysis. Although 

relating of microscopic force interactions to  macroscopic fracture would 

be an important contribution, the author has chosen a simpler approach 

by considering the continuum representation 

I t  has been pointed out by Wil liarns ,(31) t h a t  from the viewpoint 

of continuum mechanics, and particularly the energy concept of f rac ture ,  

adhesive and cohesive fai lures are similar. The essential  difference 

involves the interpretation of the energy required to  create new 

(adhesive or  cohesive) surface area. I t  i s  recognized tha t  technical 

adhesive interfaces as we91 as real materials contain flaws, and tha t  

these flaws (sharp geometric discontinuities) give r i se  to mathematical 

s t ress  s ingular i t ies .  

Consider, fo r  example, a c rack  of f i n i t e  length, 23, central 9y 

located in a large sheet,  say along the x-axis, I f  the material 

above and below the axis i s  the same, th i s  becomes "ehe Grs'ffith problem 



w i t h  s t r e s s  s ingular i t ies  a t  x = c - a .  Piow consider  the material i n  

the upper h a l f  p l a ~ ~ e  t o  be -incompressl"bIe and  the material  i n  t h e  

lower half plane t o  be rigid and then assume perfect adhesion over 

1x1 > a.  Again the stresses a t  the cl-ack ends, x = - t a ,  are 

singular. In the f i r s t  case the Griff i th  energy approach, involving 

integration of the s t r e s s  squared over the area of the specimen, 

provides the solution to a we1 1 known and classi ca1 example of 

cohesive fracture.  The second case i s  an example of perfect 

adhesive fracture.  Suffi ce i t  to  say jus t  now that  for  an edge- 

bonded specimen having a central f i n i t e  crack a t  the interface 

with a r igid boundary, a s t ress  analysis can be conducted and the 

incremental new surface energy generated can be calculated as the crack 

extends. 

In addressing adhesion problems, i t  i s  necessary to  inquire which 

problems have integrable s t ress  singulari t i e s .  ~i l l i   am^(^') has 

defined certain cases, and Malyshev and ~ a l c ~ a n i k ' ~ ~ )  referring to  

these descriptions have run t e s t s  t o  evaluate surface energies for  the 

bond of PMMA t o  s t e e l .  Earlier Dannenberg (34) forced mercury between 

a polymeric coating and a s t i f f  plate to  determine the work necessary 

t o  debond a fixed area, o u t  did not discuss the s t rain energy balance. 

More recently, ~ i l l i a m s ( ~ ' )  has shown the singularity fo r  a crack 

t i p  being precisely along the interface between a rigid material 

( E  + m) and an incompressible material ( V  = 0.5) i s  well behaved 

(i , e , ,  in tegrable) ,  and further has suggested a pressurized b l i s t e r  

confs'gurati'on as a convenient means o f  measuring adhesive surface 

energy density . Using the b l i s t e r  conf igu ra t ion ,  the author has 



conducted a number of t e s t s ,  These tes ts  and cer ta in  analyses 

will be described l a t e r ,  
-.- 3 

I ne va r i ous  cii s s i p a t i v e  niechanf sliis have beeri d f  sciissed and i-eferences 

c i t e d  f o r  t h e  manner o f  i n c l u d i n g  these mechanisms i n t ~  an energy balance. 

S i m p l i f i e d  geometr ies have been mentioned t h a t  reduce t he  mathematical  

complex i t y  o f  t h e  problems so t h a t  a t t e n t i o n  may be focused on t h e  i n f l u e n c e  

o f  m a t e r i a l  behavior .  Whi le  m ic roscop ic  and atomic s c a l e  s t u d i e s  a r e  

necessary f o r  complete understanding o f  f r a c t u r e  phenomena, t h e  va lue  

o f  s i n g l e  parameter f r a c t u r e  c r i t e r i a  can n o t  be d ispu ted .  Using t h e  

energy ba lance on cont inua,  such f r a c t u r e  r e l a t i o n s  wi 11 be developed 

f o r  c e r t a i n  cases o f  cohesive v i s c o e l a s t i c  f r a c t u r e  and e l a s t i c  

adhesive f r a c t u r e .  



1 I ,  THE SPMERICAL/CY L INURICAL  FI-AU APPROACH YO COHESIVE FRACTURE 

The s t r e s s  intensi ty  factor approach t o  fracture has shown some 

very interest ing features about the analytical treatment of s t ress  

s ingular i t ies .  For a  large class of problems, i t  has been shown 

that  the s t resses  near a  singularity are expressed by (11) 

where o i j  (r, 6 )  are the various s t ress  components a t  a  distance r 

from crack t i p  and an angle e from crack plane. 

K I  = s t ress  intensity factor fo r  crack opening mode, I .  

For an e l a s t i c  body, Irwin (") has shown an equivalence be- 

tween the s t ress  intensity factor approach and the energy rate 

approach from which he arrives a t  an energy r a t e ,  5 ; 

f i xed g r i  ps 

L 

= K *  - plane s t ress  
C 

plane s t ra in  

and fu r the r ,  for  complex loading conditions ; 

where KIT and  K i I I  a re  stress i n t e n s i t y  fac to rs  for edge s l i d i n g  and 

tearin4 modes r e s ~ e c t i v e l y ,  B u t  when the Isads are such t h a t  fracture 

,just im~ends o r  a t  eritic5l$ty, t h e  eneray r a t e  term js recss~izable Fronl 



t h e  eneray balance relations previously descr ibed  as t h e  r a t e  s f  d o i n 4  

surface work w i t h  surface area ,  Surface work may a l s o  be described as  

where yc = surface work/unit area 

A = surface area  

then,  a t  the  c r i t i c a l  load f o r  crack qrowth 

I t  can be shown f o r  the c lass ica l  Gr i f f i th  problem of a 

centra l ly  located crack i n  an i n f i n i t e  shee t  loaded by simple 

tension t h a t  

where the cr-subscr ip t  on the  s t r e s s  in tens i ty  fac to r  indicates  

c r i t i c a l i t y ,  and c-subscript  on the surface work density term denotes 

cohesive f rac tu re .  

The c r i  t i  cal s t r e s s  in tens i ty  fac to r  i s  then recognizable as a 

material property, B u t  from the s t r e s s  i n t ens i t y  f a c to r  approach, 

the re la t ion of t h i s  f ac to r  to the load imposed f a r  from the crack,  

and the crack and body geometry can be expressed, 

Mhile there  i s  ye t  t o  be a completely unified cataloguing o f  

stress i n t e n s i o  fac tors ,  many are l i s t ed  by Paris and S i h  (25)  

shown by McCS i n t s c k  and Argon. '24' Several of these are l i s t e d  i n  



Table 1 .  The in fe rence drawn by W i  1 l i  ams i s  t h a t  because the  geometric 

contrib6t-i ons a re  separable Prom ths material properties e.  g. , 

the s t r e s s  intensi ty  factor  i s  a materi a1 property, influences of ina- 

te r ia l  properties changes can be studied using the most simple avail-  

able geometry, then resul ts  extended t o  other confi gurations using 

the appropriate geometric factors. In pursuit of th i s  approach, i t  

became apparent one of the simplest geometries i s  a sphere of outer 

radius, b, containing a concentric spherical flaw of radius a.  For 

uniform loading o r  displacements of the outer boundary, i t  i s  seen 

that the problem i s  one dimensional in radius r. Fracture i s  assumed 

t o  take place uniformly around the surface of the spherical flaw 

(radius a ) .  Physically, this  fracture surface configuration i s  highly 

improbable, b u t  would more than likely be a ring extending from the 

spherical surface simi 1 a r  t o  attached Saturn rings ;(36) however, i f  

the s t ress  intensity interpretation may be extended, the physically 

observable fracture surface devel opment could be analyti cal ly described 

using the appropriate geometric fac tor ,  thence the assumed uniform 

spherical fracture surface extension i s  valid for  studying the 

phenomenol ogi cal influence of materi a1 behavi or on fracture.  

2.1 SPHERICAL FLAW I N  VISOCELASTIC MEDIA 

Fracture c r i t i c a l i t y  conditions for a spherical flaw in a l inear  

vi scoel as t i  c incompressible materi a1 have been calculated for  a number 

of 1 oadi n g  condi tions . ' 19)  I t  will be informative to  review a few 

of these deve'lopments and resul ts .  

For s t ress  boundary conndi t i  ons , the energy bal ance conditions 

are sa t i s f i ed  by 



(2.8) 
where Oo 

= normalized s t ress  applied a t  outer boundary 

a = radius of flaw 

E , T , ~  = time variables 

.Dg 
= glassy compliance 

D (t) = creep compliance 
c'-P 

y = cohesive fracture energy per uni t  area. 

I t  i s  noted t h a t  equation (2.8) i s  s a t i s f i ed  for  no fracture,  

i .e . ,  5 = 0 and also when the bracketed term i s  zero. Both terms 

are useful in determining c r i t i c a l i t y  conditions. 

Using the bracketed term of equation (2.8) fo r  a step applied 

s t ress  (o(t) = a for  t -+ 0) i t  i s  found that  
0 

a where F; << 1 .  

T h i s  demonstrates t h a t  for a constant surface energy, the 



e r i t i  @a9 stress decays w"ih time, ws'th t h e  upper  99"rnl""%occurr.ing as 

the time a f t e r  load application, to, approaches zero. As to -+ 0, 

' , i t  i s  found that  then D (to) +- D . Since D = - 
crp 9 Eg 

Thus, i f  a step s t ress  less  than o 1  were applied, one would expect 
Ocr 

fa i lure  to  occur a t  some f i n i t e  length of time, as long as that  

applied s t r e s s  i s  greater than the lower l imit  that  corresponds t o  

the rubbery modulus ( i  . e .  , equation (2.10)  vi t h  D~~~ +- - I fo r  
E r  

very long times). 

For displacement boundary conditions the energy balance yields 

(2.11) 
where u ( t )  = u,g(t), the aoplied displacement 

u 
0 

= normalized radi a1 boundary di spl acemen t 

E = glassy modulus 
9 

Ere I ( t )  = relaxation modulus 

For a step displacement imposed upon the spherical geometry, i t  

is  found tha t  



o r  tha"cthe c r i t i ca l  tangen"cia1 s t ra in  a t  the f l a w  i s  independent of 

time as long as the surface energy density is  constant, 

For constant s t ra in  rate loadings, one finds that  

where to - time to  fa i lure  

I t  has been shown that  (20 

So then 

which, of course, reduces t o  the step load solution as to - 0, 

E re  I (to) - E . Interestingly enough, the c r i t i ca l  s t ra in  increases 
g 

with time t o  an upper l imit  of I t  i s  curious tha t ,  fo r  the 
o r 

relation of c r i t i ca l  s t ra in  to  allowable mechanics! properties suggested 

by ~i l ~ i a m s ( ~ ~ '  there i s  no allowance for  subsequent decay for  in- 

creasing time, unless the surface energy density i s  also a function 

of time, o r  unless there am pperipi~e-ral changes (such as aging)  that  



cause € to increase- r 

Fractu~e k i n e t i c s  may a l s o  be s tudied  f r o m  t h i s  approach. 

S e t t i n g  t he  b racke ted  p o r t i o n  o f  equa t ion  (2.8) t o  zero  y i e l d s  t h e  

p ropagat ing  f~ aw s o l u t i o n  , i37)  namely 

(2.16 a) 

o r  a1 t e r n a t e l y  

U n t i l  t h e  i n i t i a t i o n  o f  f a i l u r e  the  f l a w  does n o t  inc rease  i n  s i z e ,  

i . e .  , a ( t )  = a. which means t h a t  the  s t a t i o n a r y  f l a w  s o l u t i o n  i s  

s a t i s f i e d .  A f t e r  i n i t i a t i o n  t he  f l a w  w i l l  i nc rease  i n  s i z e .  Prov ided  

the  r a t e  o f  f l a w  growth i s  smal l  , t h e  p ropagat ing  s o l u t i o n  equa t ion  

(2.16 a) o r  (2.16 b )  must be s a t i s f i e d .  A t  the  p o i n t  o f  i n i t i a t i o n ,  

however, b o t h  t he  s t a t i o n a r y  and t h e  p ropagat ing  s o l u t i o n s  must be 

s a t i s f i e d  hence f rom equat ion  (2 .8 ) ,  f a i l u r e  i n i t i a t i o n  occurs where 

where if is  the t i m e  t o  f a i l u r e .  

Eva lua t i on  of equation ( 2 . 3 7 )  f o r  the  simple loading funct ions 

can readily be done and som examples have been mentioned, 



I n  most problems i nva lv iu rg  I f  near systems o r  mater'ials the  

so iu t i o i -~  f o r  the s i m p l e  load ing  fu i i c t io i i s  f  s a l l  t h a t  i s  requi red.  

By the superpos i t ion  p r i n c i p l e  the s o l u t i o n  when the  load ing  func t i on  

i s  several  simple 1 oading func t ions  app l i ed  simultaneously i s  s imp ly  

the sum o f  the  so lu t i ons  t a k i n g  each l oad ing  func t i on  i n d i v i d u a l l y .  

I n  most l i n e a r  problems the response t o  an a r b i t r a r y  load ing  f u n c t i o n  

can be obta ined from the response t o  a  u n i t  s tep  func t i on  by app l i -  

ca t ion  o f  the Duhamel I n t e g r a l .  I n  the  fo rmula t ion  o f  the f r a c t u r e  

problem, however, energy which i s  a  func t i on  o f  t he  square o f  the 

load ing  f u n c t i o n  i s  i nvo l ved  so t h a t  these s i m p l i f y i n g  p r i n c i p l e s  

do n o t  apply, hence i t  i s  necessary t o  consider  these more compli- 

cated l oad ing  func t ions  i n  g rea te r  d e t a i l .  

2.2 .LOADING F ~ ~ I O N S  WHICH ARE SUMS OF S I M P L E  LOADING FUNCTIONS 

Consider t he  s i t u a t i o n  where g(t) = g,(t) + g2(t) + g3(t) + .. . 
+ CJ,(~) Equation (2.17) then becomes 

Note t h a t  the s o l u t i o n  inc ludes the  sum o f  the  i n d i v i d u a l  so lu t i ons  

considered separate ly  and every poss ib le  combination o f  simple load ing  

func t ions  taken two a t  a  t ime. Parenthet i  c a l l y  , review o f  the  equa- 

t i o n  p r e d i c t s  t h a t  the sequence of a p p l i c a t i o n  o f  these simple loadings 

has no e f f e c t  on the f i n a l  result ,  



2 , 3  CYCLIC FATIGUE - SPiiEKICkZ, FZ,AW/CliLIflDRICAl", FLAW AVALYSIS 

As an example af  t h i s  genera? t y p e  l o a d i n g ,  consider t he  case o f  

sinusoidal loading with a superimposed preload which i s  suddenly 

applied. For t h i s  case 

u (b , t )  = uog ( t )  = u u ( t )  + u  s i n  w t  
P 0 

(2.19) 

hence 

an d 
g 2 ( t )  = s i n  w t  

I t  i s  fur ther  assumed that  the Prony ser ies  representation for  the 

relaxation modulus i s  adequate. Equation (2.17) may be evaluated t o  



1% w i  11 be no ted  t h a t  the f i r s t  term on the right side of  

equation (2 .20) ,  i . e . ,  ( u  / u  l 2  E i s  simply the rezvl t  f o r  a 
P 0 g" 

suddenly applied constant displacement and the final two terms are 

those due t o  the sinusoidal loading leaving fo r  the "cross terms." 

u u n -t / T  

(w,  s i n  wtf-cos a t f )  
u e i 
0 I 

The resul ts  are i 11 ustrated in Figure 1 , where equation (2.20) i s  

plotted fo r  both pure sinusoidal loading ( u  = 0 )  and sinusoidal 
P 

superimposed upon a preload. I t  will be noted tha t  fa i lure  will 

i n i t i a t e  in the sinusoidal-with-preload case before i t  will in the 

pure sinusoidal case. (21) 

We can consider the response t o  a sinusoidal displacement f o r  

a three-element model and express the resu l t  in terms of the local 

s t ra in  a t  the internal flaw where N i s  the number of cycles t o  

fai lure .  One deduces eas i ly ,  therefore, a character is t ic  fatigue 

curve behavior I E ( a )  1 = - + K ( w )  showing the usual degradation of 
JN 

l i f e ,  i .e. , strain a t  failur'e, with an increasing number of cycles, 

b u t  furthermore, that the proportionality factor  dis t inct  from 

metals--is frequency dependent. 

In order t o  study this  fur ther ,  consider equation (2 .20)  with 

the cycl i c terms removed, for  a three-element model such t ha t  

E l  = 9900, Ee = 100, E = 1.0 sec . ,  (u /u ) = 1.0, then I P 0 



The genera7 trend of allowable s t ra in  versus the number of cycles i s  

shown fo r  various frequencies in Figure 2 .  I t  i s  interesting t o  note 

that the number of cycles t o  fai lure  (o r  fatigue l i f e )  i s  smallest 

a t  a frequency that  corresponds t o  the peak of the low modulus 

curve, %hi l e  a t  very low, or very high frequencies a much longer 

fatigue l i f e  i s  predicted. Equation (2.20) can be simplified fo r  

long times (so that  the exponentials are negligibly small) and by 

substitution of the complex moduli f o r  the Prony ser ies .  Rearranging 

i t  i s  then found tha t  

Further simplification can readily be made, and i s  shown in a 

para1 l e l  development for  the cyl indri cal flaw. 

Consi der a pl ane-stress ci rcul a r  pl ate subject t o  displacement 

boundary conditions and having a cylindrical flaw in the center. 

Following the energy balance shown in Reference (191, i t  i s  found 

that  (38) the equation representing the energy i s  



where 

now letting g ( t )  = u * ( t )  t u o  s i n  w t ,  where u * ( t )  i s  a unit step 

function. The solution, assuming a ( t c )  = a. a t  the time of fracture 

in i t ia t ion,  i s  as follows: 

where 



u 
2 

U U UT -t /T 

F(L,P,+) = ($) E + L E  sin w t  + P 
2 i  E [I+. 

0 g Uo e C ( l + w  0 T i  

( W T  sin w t  - cos w t )  + (I-cos 2 w t )  i I Ee 
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3 3  

( e  

- t / T  
I + cos w t - l  - ) sin w t  

2 2)2  
( I+w T i  ( I + w  T i  ) 

+ I 
( I - cos 2 w t )  

4( l +w2r  i2 )  I 
which f o r  r e l a t i ve ly  long times reduces t o  

This re la t ion has turned out t o  be,  as expected, qui te  l i k e  tha t  

developed f o r  the  spherical flaw, d i f fe r ing  only by the geometric 

constants. 

Consider now the rearrangementof equation (2 .26)  f o r  the pur- 

pose of more c lea r ly  defining the  fac to rs  t h a t  influence the fa t igue 

l i f e ,  N, f o r  a l i nea r l y  v i scoe las t i c  material .  



The only quantit ies tha t  vary with frequency are ET1Cw) and 

w aE'(w) - w aEt(w) i s  
2 aw . The relation i s  simplified by recognizing a 
small in comparison t o  E then 

9 ' 

thus fo r  large values of El1 , the number of cycles t o  f a i lu re ,  N,  will  

be small , or fo r  small values of E1 then N becomes 1 arger. And fo r  

El (w) -t 0 (as f o r  a perfectly e l a s t i c  material) the number of cycles 

t o  fa i lure  i s  predicted t o  become in f in i t e .  

Such behavior has not been observed since perfectly e l a s t i c  

materials have not been observed. On the other hand, i t  has been 

observed that  elasto-p1 ast i  c rnateri a ls  have an increasing tendency 

t o  fatigue as they are loaded fur ther  into the p la s t i c  region. In 

an empirical study, has shown that  the relationship 

N"' A E = c f i t s  the behavior for  a wide variety of materi als where 
P 

n E i s  the p l a s t i c  s t ra in  and C i s  a constant. 
P 

2.4 CYCLIC FATIGUE - CYLIIVDRICAL FLAW TESTS 

2.4.1 Test Apparatus and Procedure 

En order t o  experimentally verify the theoreti  cia1 relations fo r  

t h e  eyl-indrica'i flaw previously nrentioned, a simple Lens-io:: f a t i g u e  



test  was used, (40)  Scope o f  testing incl  uded demonstration of  

a) fatigue l i f e  dependence oi3 f'r-equeni;ji, and 

b) the influence of loading sequence, 

A we1 l characterized materi a1 , GALCIT I* was used in these tes t s .  

Particular care was exercised t o  prevent solvent and moisture 

exposure. Material stock and prepared samples were stored in 

dessicators until irnmedi ately prior t o  tes t ing .  

Individual specimens were cut to  dimensions shown in Figure 3. 

Size and orientation of the flaw i s  highly c r i t i ca l .  A sl  ight vari a- 

tion from the established standard in flaw s i z e ,  fo r  example, would 

subsequently cause bad or e r r a t i c  data sca t t e r  during tes t s .  

A good deal of care was taken in making the i n i t i a l  flaw or 

crack uniform from specimen t o  specimen. A 1/32'' hole was milled in 

the middle of each specimen to minimize tearing when the crack was 

cut into the specimen. The specimens were cut with a specially made, 

finely polished blade a0625 inches in width. Each specimen was placed 

in a holding f ixture and the blade passed through the milled hole, 

perpendicular t o  the sides of the specimen. The flaw dimensions were 

chosen so tha t  the s t ress  intensity factor for  a cracked plate could 

be used. (49 

2.4 .1 .2  Apparatus 

The t e s t  machine viewed in Figure 4 was basically a s l ide r  crank 

mechanism driven by a 12 v o l t  shunt wound DC motor, The f i e ld  wind- 

ings and armature were excited by separate regulated DC power supplies . 

* 
58/50 mixture soli thane 193 and cas to r  s i  7 ,  furn ished courtesy 

Dr. R, Landel , Gal 1" f s m i  a Ins t i tu te  o f  Techno1 sgy, 



The nature s f  the study r e q u i r e d  t h a t  the tests  be run a t  two 

fi-?quencfes, conszqrrently -d t h i r d  power si;pplj: was connected t o  be 

used in te rchangeab ly  w i t h  t h e  armature power supply .  One was s e t  

a t  the  l owe r  f requency and t h e  second was s e t  a t  t he  h i g h e r  f requency. 

The s w i t c h i n g  was accomplished w i t h  t h e  a p p l i c a t i o n  o f  a  s imp le  

double po le ,  double throw sw i tch .  Dur ing  frequency change and motor  

s t a b i l i z a t i o n ,  o n l y  about 20 r e v o l u t i o n s  occurred. It was determined 

t h a t  20 r e v o l u t i o n s  has e s s e n t i a l l y  no e f f e c t  and cou ld  be cons idered 

n e g l i g i b l e  when compared t o  t o t a l  cyc les  r e q u i r e d  t o  reach f a i l u r e  i n  

any o f  t he  t e s t s  be ing  c a r r i e d  on. 

Specimens were h e l d  by clamp t ype  jaws as shown i n  F igure  4. 

Sandpaper was g lued  on t he  jaw faces t o  p reven t  s l i ppage  w i t h i n  t h e  

jaws which were made e s p e c i a l l y  f o r  the  t e s t s .  The jaws were designed 

t o  h o l d  f i rmly b u t  n o t  cause warpage o r  undue s t r e s s  around t he  crack 

are a. 

As i l l u s t r a t e d  i n  F igure  4, t h e  i n i t i a l  p r e s t r a i n  was a p p l i e d  by 

use on an a d j u s t a b l e  e c c e n t r i c  on the top  o f  the  machine. The 

s i n u s o i d a l  l o a d i n g  was developed through t he  crack which had a  0.05 i n c h  

o f f s e t .  The r e s u l t i n g  s t r a i n  was as f o l l o w s  : 

g ( t )  = u  ( u * ( t ) )  + .05 s i n  w t  
P  

where u * ( t )  i s  a u n i t  s t e p  f u n c t i o n .  

I n  a l l  t e s t s  r e f e r r e d  t o  i n  t h i s  work,  u  was s e t  a t  0 0 , 3 5 " ,  
P 

Recognizing i n i t i  a1 f a i l u r e  o f  t he  crack t i p  was c r i t i c a l  t o  t h e  

s tudy  and d i f f i c u l t  t o  accompl ish* Dur ing t he  t e s t s  specirr~ens wew 

v i b r a t e d  a t  f requencies rang ing  between 50 and 6,800 cyc les p e r  



minute, I n i t i a l  failure was i n v i s i b l e  t o  t h e  naked eye, A s t r o b e  

l i g h t  was employed both  t o  m o n i t o r  the frequency and t o  serve as a 

l i g h t  source focused on the crack. When the  l i g h t  was d i r e c t e d  

through the  specimen a t  an angle o f  about 20" from the h o r i z o n t a l ,  t he  

f rac tu re  sur face appeared as a s i  l v e r y  l i n e  a t  the apex o f  the crack. 

A microscope f i t t e d  w i t h  a speci a1 lens was used f o r  de tec t ion  o f  

the  i n i  ti a1 f a i  l u re .  The speci a1 adaptat ion o f  the  microscope made i t  

poss ib le  t o  focus on the specimen f rom a p o i n t  about two f e e t  f rom 

the  specimen du r ing  the t e s t .  The modi f i  ed m i  croscope prov ided magni - 

f i  ca t i on  approximating 20x. 

The combined use o f  the  s t robe l i g h t  and the microscope made i t  

poss ib le  t o  see the f r a c t u r e  be fore  i t  had grown beyond 0.001 

inch ,  which was considered s a t i s f a c t o r y  f o r  the purposes o f  the s tudy .  

Figure 5 i l l u s t r a t e s  the r e l a t i v e  p o s i t i o n  o f  the  s t robe,  the specimen, 

and the  m i  cros cope. 

The number o f  cycles the  specimen had been subjected t o  was re -  

corded on an A l t e c  d i g i t a l  counter. Re1 i a b l e  t r i g g e r i n g  was obtained 

by use o f  a photores is to r ,  and a m i r r o r  attached t o  the  r o t a t i n g  motor 

sha f t .  

2.4.1.2 Procedure 

A specimen t o  be tes ted  f i r s t  had a crack p recu t  i n  it. It was 

nex t  mounted i n  the t e s t  device and run  a t  constant frequency u n t i l  

f a i l u r e .  A f t e r  f r a c t u r e  i n i t i a t i o n ,  f l aw  s i z e  was monitored. 

Character i  st-i c f l aw  growth r a t e  da ta  are shown i n  Figure  6. For the 

dual f ~ q u e n c y  o r  sequent ia l  t e s t  the specimen was run a t  one 

fwquertcy for  approximiltely ha1 f the p r e v i  o u s l y  e s t f m a t e d  fa7 w e  t ime  





2 .4 -2  Heat T r m s f e r  Ana7,ysis 

i e t  us consider an in f in i t e  sheet of l inea r ly  viscoeiastf c 

material subjected to  s t ra in  cycling a t  a frequency W .  I t  i s  f ~ u n d  

that  using the complex modulus representation E * ( w )  = E f C d  + i E T I C w )  

where E = E e i w t .  
0 

J 

where ul 1 1  = energy dissipation density per unit  time 

E l 1  ( w )  = "loss modulus" 

E = s t ra in  half amplitude 
0 

Now suppose tha t  the sheet of materi a1 , i n f in i t e  in length and 

width, b u t  of thickness, 2L, i s  cooled by corvective heat t ransfer  

on the faces 1x1 = L (where x i s  measured from the midplane of the 

sheet) .  Then i t  i s  a matter of se t t ing  up an energy balance or 

Heat  d i s s i p a t e d  = Heat s t o r e d  - Heat t r a n s f e r r e d  (2.30) 

Differentiation of the energy balance with time and rearranging 

gives 

where p = material density 

c = specif ic  hea t  

K = thermal conductivity 

q, = rate o f  convective h e a t  t r a n s f e r  



I f t h e  energy dissipation ra te ,  u '  ' " .vew independent; of tempera- 

t u r e ,  T, and space,  x, t h e  equat-ion i s  l i nea r  and i s  eas i ly  solved. 

However, u f l '  i s  proportional t o  the loss modulus and the square o f  

the imposed s t r a in .  For l inear vi scoel as t i  c materi a ls  the loss 

modulus in turn i s  temperature (and thus space) dependent and the 

s t ra in  can also in particular problems be space and temperature de- 

pendent. When each of these terms i s  ful ly  developed and of such 

magnitude so tha t  they are not negligible,  coupling exis t s  between 

the heat t ransfer  equations and the s t ress / s t ra in  fie1 d equations. 

The term thermo-mechani cal coup1 ing i s  then applicable. 

For the time being, however, l e t  us assume, somewhat a r t i f i c i a l l y ,  

that  the energy dissipation ra te ,  u 1  i s  independent of temperature 

and space. Then the solution for  equation (2.31) i s  (42) 

where h = convective film coefficient 

T a, = ini t i  a1 sample and envi ronmental temperature 

or  rearranging 

hL  pCL(--- + 3 )  
where - K 

- 3 h 



The f i r s t  braeke"r;d tern] on the r l "ght  hand s ide  o f  equa"cion 

(2-33) indf cates the magnitude of the temperature r i s e  t o  be propor- 

t ional t o  the loss modulus and the square of the imposed s t r a in .  The 

second bracketed term shows the temperature distribution through the 

thi ckness of the sheet t o  be paraboli c. B u t  for thin sheets or where 
Q 

2~ xL - > >  I - -  
hL ,2 , the temperature may be considered constant through the 

sheet. In the experimental tes t s  previ ously described, L = 0.05 i n . ,  

K = 1.5 ~ t u  i n . / h r  f t Z  O F  and h  1.0 B t u / h r  f t z  O F  and ZK/hL 60 

thus the temperature gradient i s  negligible. 

Then from the l a s t  term, the term r ,  i s  identified as the time 

constant, and indi cates the rapi di ty wi t h  which t h e  temperature 

r ises .  For very long times, i . e . ,  steady s t a t e ,  t h i s  term i s  unity. 

Thus, for  application t o  the simple tension fatigue t e s t ,  inas- 

much as the one dimensional-constant heat dissipation ra te  assumptions 

are valid,  the expected sample temperature could be approximated by 

Now i t  i s  appropriate t o  re-examine the assumptions regarding the 

energy dissipation rate .  Fortunately, for the par t icular  case a t  

hand, the temperature variation through the thickness i s  negligibly 

small, then i t  i s  concluded that  the s t ra in  i s  independent of space 

ds - 
dx  

dE dT = 0 ) . However, the influence of temperature ( i  *e.  - - - dT 5 
i s  not so eas i ly  disposable. The variations of E w ( o )  with tempera- 

ture may be seen by reviewing the variatisns of log a-,. versus 

temperature (Figure 8) and then associating u with wa-,.. Loss modulus 



(43) versus wa da ta  for GALCIS I are shown i n  F - i g u ~  9, 
T 

The e f fec t  o f  a temperature increase i s  t o  s l i de  the  curve t o  

the right.  Thus, for  frequencies l e f t  of the curve peak, increases 

in temperature e f f ec t  a reduction in E f  (MY). The estimated resu l t  

i s  reflected in comparison with predicted values, using constant 

loss modulus in Figure 10. I t  i s  noted tha t  the equilibrium tempera- 

ture i s  less  than that  predicted using the i n i t i a l ,  b u t  constant 

value f o r  E l t  ( w ) .  

B u t  i f ,  on the other hand, an excitation frequency greater than 

that  corresponding t o  the curve peak were imposed, the resu l t  i s  

estimated t o  be quite different.  The loss modulus versus frequency 

curve again s h i f t s  t o  the right with increasing temperature, b u t  

the e f fec t  i s  now t o  increase the loss modulus. Then the resulting 

sheet temperatures would be greater than those predicted using the 

i n i t i a l  loss modulus value. 

Now examine the effect  of the variation of E u ( w )  with tempera- 

ture on fatigue l i f e .  From the cylindrical flaw model, i t  was noted 

tha t  

B u t  now, due t o  the manner in whi ch E m  ( w) varies with w, 

fatigue l i f e  ( N ~ )  may be estimated versus a as shown in Figure 11. 

I f  constant frequencies l e f t  of the valley in the curve are 

imposed, increasing temperatures aga in  s l i de  the curve t o  the r i g h t ,  

and the predicted fatigue l i f e  may be visualized as a magnetic bead 

t h a t  t ~ m a i n s  a t  the intersection o f  t he  s l i d i n g  curve and the ver t i ca l  



line corresponding t o  the imposed frequency. Then Ni Reaied > 

Nf  i so i he rma l "  
Using again the same analogy on the r i g h t  hand 

portion of the curve, i t  i s  estimated that  N f  heated < 

N f  i so therma l  ' 

Before getting too f a r  afield with these description's, l e t  

us go back and c r i t i  cal ly review what has been done- F i rs t  of a1 1 , 

the coupling between E " ( w )  and temperature has not been properly 

incorporated in to  the energy bal ance re1 ations fo r  the transient 

heating problem, nor fo r  the fracture c r i t i c a l i t y  conditions . 

Secondly, fracture c r i t i c a l i t y  predictions were made assuming the 

surface work term independent of temperature and time. This 

assumption i s  also suspect, and will be discussed l a t e r .  

Thus a t  the most, the foregoing discussion must be qualitative 

with the accuracy of reasoning to  be assessed upon examination of 

experimental t e s t  resul ts  . 

3.4.3 Discussion of Data 

To demonstrate that  the fatigue l i f e  for  th i s  viscoelastic 

materi a1 i s  frequency dependent, constant frequency t e s t s  were r u n  

a t  several frequencies. The resulting data are shown in Table 2 .  

I t  i s  noted tha t  the number of cycles t o  fai lure  increases 

with the t e s t  frequency; b u t  since the loss modulus monotonically 

increases with frequency in the range of t e s t  frequency imposed 

(Figure 9 ) ,  the analyti sa l ly  predicted fatigue l i f e  (equat-ion (2,28)) 

diminishes with fncreasing frequency. A1 though fa.tigue l i f e  of 

vi scoel as t i  c ma-teri a1 i s  frequency dependent, -in these simple t e s t s  





v a l i d ,  these results wouS d be contrary t o  the  fa t igue theory pre- 

viously developed. However, the t e m p e r a t u ~  does change and the 

manner of change depends on loading sequence. This i s  graphically 

i l l u s t r a t ed  by Figure 6 .  These results show markedly more rapid 

temperature increase a t  higher frequencies than a t  lower frequencies. 

This i s  in basic agreement with the simple heat t ransfer  analysis 

previously described. The qualitative assessment of the heating 

effects  also appears valid since Nt  > Ni so+herma,. Note 

i s  also made that  a good approximation t o  the heat t rasnfer  equations 

can be made using numeri cal techniques. By i t t e r a t i  vely readjusting 

the loss modulus with temperature (equation 2.34) for  long times 

through use of the frequency-temperature s h i f t  factor ,  equi l i bri um 

temperatures in an in f in i t e  sheet can be approximated. This would 

be important t o  the quantitative evaluation of these t e s t s ;  however, 

i t  i s  considered beyond the scope of t h i s  study f o r  the following 

reasons. 

F i rs t ,  because of the crack, a non-unifom s t ra in  distribution 

exis t s  that  give r i se  t o  a special dependent temperature and thus 

modulus. The departure from homogeneity makes th i s  a thermomechani cal ly 

coupled problem, complex in i t s  own right and worthy of a separate 

study. 

Secondly, temperatures a t  the apex of the crack would seem to be 

very important. Brief infrared exami nation of a fatiguing specimen 

shows the area immediately adjacent the crack apex t o  be cooler than 

most of the rest. of the specimen, This seems due to  the opening and 

closing of the crack under cyc l i c  l o a d i n g ,  rapidly pumping of a i r  i n  



o u t ,  which locally coals the  crack surfaces. 71he themill f i e l d  

equations i n  the neighborhood of the crack t i p  can t h e n  no  longer 

be considered one dimensional (through the thickness),  thus fur ther  

complicating the problem. 

These features are included in recommendations for  fur ther  

study. 

2 . 4 . 4  Fracture Surface ~zam-lnations 

The fracture surfaces, resulting from the cycl i c fatigue of the 

GALCIT I specimen previously described, were examined using optical 

and electron mi croscopes. Some of the techniques used f o r  examination 

and the more s i  gni f i  cant features observed wi 1 l be briefly di scussed. 

The rubber fracture surfaces displayed many features similar t o  

those observed from metal fracture surfaces, hence, much of the 

terminology and nomenclature used by metal l urgists will be adopted. 

Opti ca1 mi croscopi c examination was conducted for  a 1 arge number 

of f a t i  gue fractured specimen, both using transmitted and reflected 

l ight .  Transmitted l ight  showed more surface definit ion. Various 

colored f i l t e r s  were also t r i e d ,  b u t  were not effective in enhancing 

contrast of the surface features. Magnifications between 50x and 

200x showed a moderate amount of detai l . A t  magni f i  cations above 

200x the fracture surface was so i r regular ,  large portions of the 

f ie ld  of view were o u t  of focus. Therefore, most of the examinations 

were performed a t  the l ~ w e r  magnifications, 

One of the most character is t ic  features of the fatigue fracture 

surfaces was the striped or s t r i a t ed  appearance (shown in Figure 13). 

The 1 i nes appeared perpendi cul ar  t o  t h e  di  reeti  on sf prog~essi  ve f l aw 



extension, The spacing between these l ines  was very small near the  

ori ginal f t  aw and became progressively  large^ as the f9 atd s i z e  in- 

creased. The spacing also changed with the frequency of testing; 

small spacing corresponded t o  high frequencies and 1 arger spacing 

corresponded t o  1 awer frequencies. Interrupted cycl i c t es t s  and 

dual frequency t e s t s  demonstrated a one t o  one correspondence be- 

tween the number of cycles imposed and the number of s t r ia t ions  

observed. The growth history of the flaw appeared t o  be s tar t -s top 

by nature, and a t  each new s t a r t  a t e l l - t a l e  l ine or s t r ia t ion  was 

l e f t  as a record of the fracture front location. The flaw growth 

for  each cycle can easi ly  be determined by d i rec t  measurement of the 

distances between the s t r ia t ions .  The influence of frequency on the 

spacing between s t r ia t ions  i s  sliown in Figure 14. A cyclic displace- 

ment was imposed a t  a frequency of 90 cpm, then quickly the frequency 

of th i s  displacement was increased t o  280 cpm also for  50 cycles, 

and so on. The photograph (Figure 14) was taken intentionally 

s l ight ly  out of focus to  show the gross e f fec t  of the dual-frequencies 

imposed. Readjustment of the focus shows the 50 s t r ia t ions  within 

each of the broad bands. 

I t  i s  also noted from Figure 1 tha t  the fracture surface did not 

progress along the same plane, b u t  rather on a " s p l i t  level". The 

junctures between these different levels was approximately para1 le l  

to  the direction of fracture propagation and are called r iver  mark- 

ings. Frequently these river markings join s o  the  step bebeen 

levels of the fracture surface i s  greater. These d i f f e ~ n t  levels 

seem t e  stem from the cut  surface of the o r i g i n a l  f law and special 



care was taken t o  make the or-ig-inal f l a w  cut  unl" form such "elat a1 l 

f rac tu re  progressed on the same plane, b u t  t h i s  was n o t  accomplished. 

A smal l  area o f  the f r a c t u r e  sur face near the i n i t i a l  f l aw  

was examined us ing  a t ransmiss ion e lec t ron  microscope. A two-s tage 

carbon r e p l i c a  was made o f  the f r a c t u r e  sur face us ing acetate tape 

softened by acetone, then by vapor-deposi t ing carbon and then 

shadowing w i t h  germanium. This technique leaves much t o  be des i red  

s ince  the  acetone swel ls  the  GALCIT I sample. A photograph o f  the 

r e p l i c a  taken a t  13,500~ i s  shown i n  F igure 15 and the poor q u a l i t y  

o f  the  r e p l i c a  i s  noted. However, the  dark l i n e s  corresponding t o  

t h e  f a t i  gue s t r i a t i o n s  can be seen. Carbon col lapse along these 

l i n e s  i n d i c a t e  a l a r g e  s tep  between adjacent planes. There a lso  

appears t o  be a f a i n t  l i n e  midway between the s t r i a t i o n s ,  b u t  perhaps 

too  much credence should n o t  be p laced i n  the r e p l i c a .  

Several o ther  r e p l i c a t i n g  techniques were unsuccessfu l ly  attempted. 

It appeared a more e f f i  c i  ous approach was d i  r e c t  examination o f  the 

surfaces us ing  a scanning e l e c t r o n  microscope. 

Sample prepara t ion  f o r  the  scanning e l e c t r o n  microscope invo lves  
S 

vapor depos i t i ng  a t h i n  (100A) go ld  coat ing  over the specimen and 

i n t r o d u c i n g  i t  d i r e c t l y  i n t o  the microscope. 

Two specimen were examined w i t h  the  scanning microscope. One 

specimen of GALCIP I was f r a c t u r e d  i n  simple tension. The f r a c t u r e  

surface, shown i n  F igure 16, c l e a r l y  shows the r i v e r  markings, 

Cur iously ,  however, the r i bbed  appearing r i v e r  markings are almost 

perpendicular  t o  the  gross over-a1 1 di  r e c t i o n  o f  f r a c t u r e  propagation 



s'ndi cating 1 scal f r a c h r e  frtan"&prepagati ons q u i  .te d s f f e ~ n t  from 

the gross fracture front movement. Such l ocal perturbations introduce 

errors in gross fracture predictions. This appears t o  be a f ru i t fu l  

area fo r  fur ther  investigation. 

The second specimen examined, shown in Figure 1 7 ,  was loaded by 

cyclic displacement for 1000 cycles a t  a frequency of 3 0 0  cpm. This 

specimen was fabricated and tested as the other fatigue specimen, except 

that fo r  the number of cycles imposed, fracture should not have 

in i t ia ted .  Other investi gators of f a t i  gue have postulated that  

fracture i n i t i a t e s  on the f i r s t  cycle and propagates such a small 

distance on that  and subsequent cycles that  i t  i s  frequently u n -  

noticed unti 1 i t  has propagated a macroscopically measurable distance. 

The corresponding number of cycles i s  then denoted as the fatigue l i f e  

for  the par t icular  imposed s t ra in  level. I t  i s  easy t o  envision tha t  

the flaw may grow a certain distance before i t s  extension i s  visually 

detected, b u t  not so  readily apparent, in view of the analytical 

predictions, that  the fracture in i t ia t ion  occurs on the very f i r s t  

cycle. So this specimen was loaded t o  over 90% of i t s  expected 
I 

fatigue l i f e ,  removed from the fatigue apparatus, manually pulled 

apart ,  then examined. The photograph shown in Figure 17 i l l u s t r a t e s  

the r iver  markings t ea r  l ines character is t ic  of the manual tensi l  e 

f racture,  b u t  does not portray any features of fatigue fracture.  

Admittedly, repeated examination can be made at. higher magnifications 

f o r  additional specimen w - i t h  accumu'l ated cycles progressi ve1.y nearer 

the i r  fatigue l i f e  unt i l  f inal ly  fatigue fracture features are sb- 

served, Perhaps a more direct approach would be t o  Pats" gue a specimen 



u n t i l  f a i lure  i s  vl"c;uaIly detected, then yo back and count t h e  

f a t i gue  s t r i a t i o n  and sub t rac t  from t h e  t o t a l  cycles accumulated, 

This technique, i n c i d e n t a l l y ,  was attempted us ing  the o p t i c a l  m i  c ro-  

scope, b u t  d e f i n i t i o n  a t  h igh  magn i f i ca t i on  was n o t  adequate f o r  

q u a n t i t a t i v e  work. 



P I % ,  ADHESION 

3.1 ANALYTICAL DEVELOPMENTS 

I t  has been previously introduced that  cohesive and adhesive 

fracture are similar and a simple pressurized b l i s t e r  configuration 

has been suggested fo r  eval uati on of adhesive bonds. However, i t  i s  

recalled tha t  i t  was assumed that  an incompressible material was 

bonded t o  a rigid materi a1 . I t  i s  now appropri ate to  inqui re what 

will be the e f f ec t  of departing from these assumptions. 

From Malyshev and salgani k(33) the s t ress  distributions near a 

crack f o r  a bond l ine subjected t o  tension and shear i s :  

- l r r oy = - (A cos (@En -) - B sin (BRn -) + O(I) (3.1) 

F o a+ r o a+ r 

- I = --- r (Ao sin (ban + B cos (Ben 2) + O( I )  (3.2) 
xY fi o a t  r 

where 

and where A. and Bo are s t ress  intensity fac tors ,  6 i s  the distance 

from the crack t i p  along the interface,  a i s  the crack half length, 

and G, v are the shear modulus and Poisson's r a t io ,  respectively. For 

similar materials above and below t h e  bond l i n e ,  -it i s  apparent tha t  
- 

6 = 0, and the stresses are proportional t o  r And, of course, 

when v , = 0.5 and G2 or EL approach m, 6 = 0 again .  When the  



materials are dl' fferent ( a  i 0) , the re1 at-i ons rernai n qua1 i t a t i v e l y  

the same a t  a distance frorn ti-ie crack t i p  exceeding x*; 

where 

A t  smaller distances, ( r  < x*) the relations change; s t resses  in- 

f i n i t e l y  growing in amplitude w i t h  in f in i te ly  increasing frequency 

as one approaches the crack t ip .  The d i f f icu l ty  seems t o  l i e  in the 

mathematical model as one has d i f f icu l ty  imagining the physical 

e f fec t  on continuity. The f au l t  can be corrected by consideration of 

the contact s t resses  on an assumed convex shape being pressed to- 

gether in the region of s t r e s s  oscil lations.  None the l e s s ,  these 

corrections need not be made as long as 6 i s  very small. Consider, 

for  example, a bond interface between a rubber, E- = 400 p s i  , 
7 v = 0.5 and glass E = 10 p s i ,  v = 0.25 then 6 i s  calculated t o  be of 

the order of 

Since 0 i s  so small and corrections need be only applied over 

- 10 6 a small region, x* = a e the solution can be approximated by 

neglecting these corrections and we can proceed as Williams ( 2 1  

suggested. 

Consider a disk of rubber bonded t o  a glass disk,  with a small 

c i rcular  unbond of radius R into which a gas pressure may be intro- 

duced (see Figure 18). 

By considering the upper sheet t o  be a plate wl'tl.1 sma9 9 deflections,  

fixed a t  the edges, from p la te  bendjng theory '44' i t  i s  found t h a t  



where 

An energy balance gives 

i = i + z ~ + S i  

where 

I = energy input 

< = energy stored 

2D = energy dissipation ra te  

si = surface energy 

and the  dot indicates  d i f fe ren t ia t ion  with respect  t o  time. 

B u t  f o r  an e l a s t i c  materi a1 (zero energy diss ipat ion)  and taking 

the vari a t i  on with respect t o  f racture  surface area,  the energy r a t e  

balance reduces t o  

where 

Sane e f f o r t  can be saved here by recogn iz ing  t h a t  f a r  t h i s  



I 1 {near system, C"l apyron 9 T$ileorem y-i ves U - - A Then  making t he  
eq 2 eq 

energy balance i t  f s Pound t h a t  the c r ; t i ca l  pressure (necessary t o  

i n i t i a t e  debonding) i s  

o r  r ea r rang ing  

It i s  recogn ized  t h a t  the  p l a t e  equat ions are a p p l i c a b l e  as l o n g  

as the  d e f l e c t i o n s  a re  smal l  and bending cons ide ra t i ons  are o f  p r ima ry  

importance. It i s  a l s o  recognized t h a t  as t h e  d e f l e c t i o n s  become 

l a r g e r ,  midplane s t r e t c h i n g  o f  the  bonded specimens, o r  membrane 

s t resses  grow u n t i l  f i n a l l y  t hey  overshadow the  bending c o n t r i b u t i o n  

and predominate. I t  i s  c l e a r  t h a t  f r a c t u r e  c r i t i c a l i t y  d e s c r i p t i o n  

may be bounded on t h e  one hand f o r  smal l  d e f l e c t i o n s  by u s i n g  p l a t e  

ana l ys i s  and on t he  o t h e r  hand f o r  l a r g e  d e f l e c t i o n s  by us ing  mem- 

brane ana l ys i s .  I t  tu rns  o u t  t h i s  i s  a  r e l a t i v e l y  s imp le  t ask .  

Membrane ana l ys i s ,  where d e f l e c t i o n  i s  assumed o f  t h e  form (44 

and f o r  an incompress ib le  l i n e a r l y  e l a s t i c  m a t e r i a l  

tiieo energy bal ance consi de ra t i  ons** give 14.5) 

** Note : For the membrane t h a t  w, = ii( p )  ' 13. I t  can be shown 
t h a t  where w = a ~ l / ~  the s t ra in  energy a t  equilibrium i s  equal t o  
I / n + l  times the applied work a t  equilibrium, Thm U, = 1/4 A, in t h i s  
si tuation and the energy balance becomes a(-3H 1 = T ~ R ~ ,  wher:! 

q 
A P[w( r ) ]  d /Area . 



For an analysis where the contribution of both plate bending and 

membrane s t resses ,  the derivation i s  somewhat more compli cated. The 

solution has been approximated by Berger, (46) who reduces the two 

f i e l d  equations in the in-plane deformation, u (  r)  , and bending de- 

f lec t ion ,  w ( r ) ,  t o  only one equation where a relation f o r  evaluation 

of a nonlinear term in tha t  equation i s  derived from considering the 

displacement boundary condition u ( R )  = 0 .  

Consider the s t ra in  energy relation for  an axisymmetric plate 

shown in Figure18. This relation can be simplified by recognizing 

tha t  the contribution of the second s t ra in  invarient,  e2, i s  

negligible in comparison to  the other terns.  

12 
2  

t 12 e2 - 2 (  I-") [--?- e2 t - - - 
U = TfD 

a ] 1 r d r  
h h a r (3.14) 

From the application of the principle of virtual work, the 

f i e ld  equation i s  found t o  be 

where 

The a t e rn  i s  detemined using the boundary condi t i sn  on the 

r a d i a l  d e f l e c t i o n  U, i , e .  



where l o ( a R )  and I , ( a R )  are modified Bessel functions of the zero 

and f i r s t  order,  respectively.  

Using the above equations, the  deflect ion i s  calculated t o  be 

For a c i rcu la r ly  symmetric incompressible p la te ,  fixed a t  the 

edges and loaded with a uniformly d i s t r ibu ted  load,  P, equation 

( 3.14) becomes 

Now applying the energy bal ance, but taking variat ions with 

respect t o  the variable aR, 

a R  i s  determined from equation (4 .17)  wher5-- 
( aR )  



Using equatjons (3,98) and (3,191 and developing the re'tatl'on for  

" appl i e d  work" 

(3.22) 

where equat ion (3.8) g ives  

A f t e r  t he  v a r i a t i o n  o f  equa t ion  (3.22) i s  taken w i t h  r espec t  t o  

aR, t he  sur face  energy dens i t y  can be eva lua ted  t o  be 

This re la t ion i s  not e a s i l y  evaluated,  thus has been programmed 

fo r  evaluation on the  computer. I t  should be noted from equations 

( 3 , 2 l ) ,  (3,221, and (3,23) t h a t  the variables h and R appear  with 



expener~"cia?s as h igh  as 8, T h u s  any error i n  measurement of  these 

variables will strongly affect the resul t ,  dependjrrg also on t h e i r  

magnitude. 

The bonded plate geometry readi ly lends i t s e l f  to experimental 

verification of the continuum interpretation of adhesion concept. 

To review for  a  moment the predicted response, recall  the e l a s t i c  

plate equation i s  (see equation (3.9)) 

S tabi l i ty  of the plate may be investigated by recalling c r i t i c a l i t y  

i s  defined when 

d - ( U  - S E )  = 0 Cri t ica l i ty  dR (3.25) 

< 0 No fracture 

> o Accelerating fracture and kinet ic  energy terms 

must be added when velocity significant.  

Note that  the rate  of s t ra in  energy release i s  proportional t o  R 
5 

whereas the surface energy rate 'is 1 inear with R. 

I n  arder t o  maintain c r i t i c a l i t y ,  then 



and 

From these relat ions,  i t  i s  easi ly  seen that  a constant applied 

pressure gives r i se  to  unstable or accelerating fracture.  

For the pressurized plate ,  the central deflection i s  l inearly 

proportional t o  the pressure as long as the radius of unbond ( R )  

does not change; b u t  when adhesive fracture takes place, then R 

increases and the deflect-ion can possibly increase with no fur ther  

increase in pressure. Consider now what happens when the pressure 

i s  reduced. The deflection may continue to  increase with decrease 

in pressure until fracture decelerates and stops,  then R, which i s  

equal t o  R + AR(wl1ere AR i s  the distance of fracture propagation) 

remains constant with fur ther  reduction in pressure and again 

deflection i s  l inearly proportional t o  pressure. This procedure 

may be repeated i f  the rates of fracture propagation are small. 

Recall that  the locus s f  c r i t i c a l i t y  conditions i s  a hyperbola in 

the pressure versus deflection diagram of parametric value Zya 

for  the region of small deflections. For large deflections,  the 

parametric value of the hyperbol a i s  2- 4y, Also, f o r  the large 

deflectl"sm region ,  the membrane equat ions are app9l-i cable and sine 

expects that  



As long as p/k3 i s  less than unity, the pressure versus deflection 

curve, excluding fracture will have positive curvature, i .e.  , will 

t i l t  upward. Then as p /k j  becomes greater than unity, the curvature 

becomes negative. Fracture, and associated increases in the unbond 

r a d i ~ s  also reduce the curvature toward negative values, thus fracture 

would be d i f f i cu l t  to  deduce from pressure versus deflection diagrams 

in the membrane region. 

Fracture data points would be expected t o  l i e  on the i r  respective 

hyperbolas in the small deflection and large deflection regions, and 

t o  be distributed in an orderly manner in between in the mixed bending 

and membrane region. 

3.2 BLISTER PEEL TESTS 

Bonded plate specimens were prepared by casting liquid polyure- 

thane*** onto prepared glass and metal ci rcul a r  plates . (47)  A small 

hole had been dr i l led  in the center of each plate and f i t t e d  with a 

plugged pressure f i t t i n g  so that  the surface onto which the rubber 

was cast  was f l a t .  Lens quality polished glass plates were used 

and the metal plates had been surface ground b u t  not polished, The 

surfaces were solvent cleaned prior  t~ casting. The cast  specimen 

were then cured. Following cure, the plug was removed from the pressuw 

f i t t i n g  and regul ated a i r  supply and pressure transducer were a t tached.  

An LVDT (Linear Variable Differential Transfomer) was mounted in a 

*** 
58/50 mixture of Sel-i"c~ane 993 and catalyst  purchased Prom 

Phi okol Chemical Company, 



t r i p o d  arrangement above the specimen t o  measure central  deflecticns,  

ESectrieaS eonnec"cions were made from the pressure transducer and 

LVDT t o  an X-Y recorder so that  real time pressure versus deflection were 

direct ly  plotted. Test apparatus and specimen are shown in Figures 

19a and 19b. 

Air pressure was then carefully introduced into the specimen 

causing the rubber t o  b l i s t e r  up  and then peel away from the plates.  

Hence developed the b l i s t e r  peel t e s t .  In i t i a l  fracture was induced 

by a i r  pressure to  eliminate the effects  of flashing around the pressure 

f i t t i n g .  Ini t ia t ion was detected visually using a telemicroscope. 

An a i r  flow constriction was placed in the supply l ine so tha t  the 

unbond progressed re1 a t i  vely slowly and fracture propagation coul d 

be interrupted by reducing the pressure. As a resul t  mu1 t ip l e  t e s t s  

could be r u n  on each specimen. Shown in Figure 20 are resul ts  from a 

rubber/glass specimen. Fraction in i t ia t ion  points are shown in 

Figure 21. I t  i s  recalled from equation (3J0  ) that  the locus of 

fracture points would fa1 9 along a hyperbola of parametric value of 

zy, from a plate theory. Indeed, while the deflections are small, 

the data points seem to  follow th i s  curve. 

Note also tha t  the ya  value i s  determined from th is  curve, so 

a t  l eas t  one data point would coincide anyway. Then where the de- 

flections became large,  the fracture points should tend toward a 

hyperbola of parametric value 2.4~-. This i s  due t o  the midplane 
a 

stretching or membrane stresses i n  the rubber specimen becoming more 

s ignif icant  until  f inal Sy they predominate and the membrane solution 

i s  app l i cab le ,  (45) i n  t h e  t r a l ~ z i  t i  on between t he  bounding curvec , 



Ya  
'is deterbmined usirzg equa"c-iouzs (3 ,25  ) and (3,231 where a i s  

determined f r ~ ?  equat ian  (3 .47) ,  For  a number of specimen prepared 

i n  t h e  same manner and t e s t e d  under s i m i l a r  cond i t i ons ,  i t  appears 

2 
Ya between polyurethane and g lass  i s  about 0.22 i n  # / i n  . Du ra t i on  

o f  each t e s t  was about two minutes. For  s i m i l a r  t ime lapses, va lues 

f o r  t h e  cohesive sur face  energy f o r  t h i s  m a t e r i a l  was found t o  be 

2 about 1.4 i n # / i n  . Adhesive su r f ace  energ ies  l e s s  than  cohesive 

values are expected s ince  b reak ing  p r ima ry  bonds i n v o l v e d  i n  cohesive 

f r a c t u r e  requ i res  more energy than t he  secondary bonds o f  adhesion 

and because o f  su r f ace  contaminat ion i n  adhesion. 

3.2.1 Experimental Observations 

A number o f  o t h e r  t e s t s  were run, n o t  p r i m a r i l y  t o  v e r i f y  

t h e  cont inuum approach t o  adhesion, b u t  r a t h e r  t o  exp lo re  t h e  imp1 i- 

ca t i ons  o f  some unusual observa t ions .  S ince these are o f  p e r i p h e r a l  

i n t e r e s t ,  t h e  r e s u l t s  w i l l  o n l y  be b r i e f l y  descr ibed. 

Problems were encountered i n  d e f l a t i n g  the  b l i s t e r ,  and then 

r e i n f l a t i n g  because the rubber  almost i n v a r i a b l y  r es tuck  t o  t he  

subs t ra te .  Ca l cu la t2d  " f r a c t u r e  energy" va lues were e r r a t i c  and 

ranged between 0.5 and 0.9 o f  the o r i g i n a l  va lue .  The n a t u r e  o f  t h e  

o r i g i n a l  bond and a l so  the  r e s t i c k i n g  was concluded t o  be o f  the 

Van d e r  Waals type; b u t  i t  i s  hypothes ized t h a t  smal l  pockets o f  

a i r  (mi croscopi  c  o r  smal l e r )  were ent rapped d u r i n g  the r e s t i  c k i ng  

so t h a h b b s e q u e n t .  fracture passed through t he  now e x i s t i n g  vo ids 

and arc3 i n l e r p u e t i t b l e  on l y  w i t h  a knowledge of the  sl'ze and e l i s -  

tributisn of  these v o i d s *  The f r a c t u r e  i s  v i s u a l i z e d  t o  progress 



a long  a spongy interface, I t  may be t h a t  the o r i g i n a l  bond i n t e r -  

face i s  s imi la r  in natiire, u i i t  ~ i t f i  less f ~ c j u e i i t l j :  occ~r r ing  fliws, 

I f  such i s  the case, experimental val ues of the fracture energy wi 11 be 

lower than values predicted on a molecular basis.  However, regardless 

of what i s  happening micro or submicro-scopically, the t e s t  resul ts  

are valuable f o r  an engineering evaluation of the bond integrity.  

One of the purposes f o r  deflating and reinf lat ing the b l i s t e r  

was to  determine the viscoelastic e f f ec t s ,  i f  any. The res t i  cking, 

~~rev ious ly  mentioned, made the response a t  f i r s t  glance appear visco- 

e l a s t i c .  However, \then powdered t a l c  was injected in to  the a i r  

supply hole, the resticking was par t ia l ly  prevented and the pressure 

versus deflection curves f o r  deflation were more closely approxi- 

mated by the reinflation curves. Tests were also run  in which the 

pressure was increased l inear  with time until about 0 .9  of the 

pressure necessary t o  cause fracture and then held. Deflection 

increases occurring a t  t h i s  constant pressure were generally associa- 

ted with flaw size increases as visually detected (using telemicro- 

scope). Deflection increases were sometimes measured without ob- 

served flaw size increases, b u t  the observer could not monitor the 

en t i re  periphery of the b l i s t e r '  Stress relaxation would af fec t  an 

increase in deflection a t  constant pressure and constant flaw size.  

The viscoelastic e f fec ts  present were small since the t e s t s  were 

run slowly in comparison t o  the relaxation time fo r  the material 

and were obscured by the resticking e f f ec t s ,  

h o t h e r  feature of  the t e s t  results was that  the measuwd 



su r face  energy density 9" s time dependent* Values ra t~gl ing Pvwrn 

1.7 i n # / i n 2  f o r  i " i minute t o  0.06 i n # / i n 2  f o r  i - 20 minutes 
f f 

were obta ined.  S i m i l a r  observat ions have been made i n  cohesive 

f r a c t u r e  and t he  i n v e s t i g a t o r s  de f i ned  t h e  t ime r a t e  o f  change o f  

su r f ace  energy as (48 

Then i n c l u s i o n  i n t o  t he  themodynami c  power equa t ion  f o r  f r a c t u r e  

c r i t i c a l  i ty i s  s t r a i  g h t f o w a r d .  

Whi le such energy balances have n o t  been made f o r  t h e  v i sco -  

e l  a s t i c  adhesion problem (due t o  computat ional  d i f f i c u l t i e s ) ,  one 

would expec t  them t o  be q u i t e  s i m i l a r  t o  t he  cohesive f r a c t u r e  r e l a t i o n s .  

The use o f  o i l  as a  p r e s s u r i z i n g  medium a l s o  i n f l u e n c e d  t h e  

c a l c u l a t e d  adhesive f r a c t u r e  energy. As a  m a t t e r  o f  f a c t ,  t h i s  va lue  

was reduced below the measuring c a p a b i l i t y  o f  the  t e s t  apparatus. I t  

i s  i n t e r e s t i n g  t o  no te  t h a t  o t h e r  i n v e s t i g a t o r s  have used t he  f r a c t u r e  

energy i n t e r p r e t a t i o n  f o r  s t u d y i n g  env i  ronmental e f f e c t s  such as ozone 

a t t a c k  i n  rubber .  (49)  

3.3 PROBLEMATIC APPROACH 

With  the  advent o f  t h e  continuum i n t e r p r e t a t i o n  o f  adhesion and 

development o f  some simple,  e a s i l y  a p p l i e d  t e s t s  s, t he  scope of ad- 

hes ion problems t h a t  may be q u a n t i t a t i v e l y  a t t acked  suddenly broadens. 

That  i s  n o t  t o  say t h a t  ana ly t i ca l  s o l u t i o n s  can be i m e d i a t e l y  

ob ta i ned  f o r  e\/ery problem f o r  every  m a t e r i a l ,  n o r  t h a t  t he  n a t u r e  of 





where 
Ya = adhesive surface energy density 

u = s t ra in  energy 

A = fracture area. 

I t  i s  recognized, therefore, t ha t  in order to  define c r i t i c a l i t y  

conditions fo r  an arbitrary body, i t  i s  

a) necessary to  find the s t ra in  energy due t o  the loading, and 

b )  describe the manner th i s  s t ra in  energy changes with 

fracture surface area. 

The s t ra in  energy ( 5 2 )  may be described as 

where 



where w = strain energy dsnsi ty 

A ,  = Lameis constants 

e = f i r s t  s t ra in  invarient 

e2 = second s t ra in  invarient 

a = coefficient of thermal expansion 

AT = temperature change 

In order t o  find the s t ra in  distribution throughout the arbitrary 

loaded body in question and t o  subsequently integrate or sum the s t ra in  

energy densit ies over the volume, i t  i s  frequently necessary t o  use 

a f i n i t e  element s t r e s s  analysis computer program. Such a program 

cal ls  fo r  

a) Idealization of the body as an assembly of simple 

(usual ly triangul ar)  elements attached a t  nodal 

points. 

b )  Determining the s t i  ffness coeffi cients for  each 

individual element. 

c) Displaying the coeffi ci ents in a two-dimensi onal array 

o r  matrix. These, when summed, represent the s t i f fness  

coefficients for  the idealized structure.  

d)  Specifying applied loads and boundary res t ra in ts .  

The unknown displacements a t  each nodal point are found through 

inversion of the matrix of s t i f fness  coefficients relating these 

displacements t o  the spec l ' f i ed  Soads, Stra-ins , s t r e s ses ,  and re- 

action forces are then ca9 culated From the displacements, 

The ipielusion of a rclutfne f o r  ca l cu la t i r ?g  t h e  c; tra . jp  e ~ e r g  



f o r  each fnd-c'v' idual e l ewnt  i s  a re la t ive ly  simple t a s k ,  and then, 

of course, the total  s t ra in  energy i s  just  the sum over a l l  the elements. 

In th i s  e f fo r t  the program described in reference (53) was used 

t o  find e l a s t i c  s t ra in  energies developed in axisymmetri c bodies 

subjected to  pressure and acceleration loads. A number of computer 

runs were made differing only in tha t  the fracture length was changed 

incrementally in the area of in te res t .  

Shown in Figure 22 i s  a sketch of the idealization of the body 

into an assembly of elements. Since we are interested in debonding 

around the periphery of the grain end, the elements were made 

smaller and more dense in that  region. Those familiar with f i n i t e  

element techniques recognize that the s ize and shape of the elements 

affect the rapidity of the matrix solution and the accuracy of the 

resul ts .  This i s  particularly true for  bodies containing sharp 

geometric discontinuities such as th is  one does. The a r t  that  has 

developed fo r  treatment of this  parti  cul a r  di f f i  cul ty involves making 

reasonably small elements near the apex of the crack, defining a 

region of these elements in the neighborhood of the apex, and then 

moving the en t i re  package progressively deeper into the body to  

simulate fracture.  This has been approximated by making ser ies  of 

i denti cal elements a1 ong the crack t rajectory.  There are errors 

introduced by such model ing , b u t  these are certainly overshadowed 

by other assumptions such as considering the sol id  propellant t o  be 

l inearly e l a s t i c ,  

Continuing with the geometry description, the outer boundaries 

were held f i xed ,  whs"ch would correspond t o  a r igid rocket motor case. 



One end of t h e  grain was he ld  f i x e d  in the pressure ca%cula t ions ,  

b u t  was consl'dered f ~ e e  i n  the longl" tudina7 a c c e l e r a t i o n  ca7 ciil a t i i ins .  

The boundary nea r  the  cen te r  l i n e  was f i x e d  r a d i a l l y ,  b u t  a9 l owe r  t o  

move l o n g i t u d i n a l l y  t o  s imu la te  a  s o l  i d  o r  100% web f r a c t i o n  g ra in .  

The r e s u l t s  o f  t he  energy c a l c u l a t i o n s  f o r  a  9 i n c h  rad ius  

4  g ra in ,  17 inches long, hav ing  a  modulus o f  90 p s i ,  Po isson 's  r a t i o  

o f  0.485 and loaded by a  pressure o f  1000 p s i  a re  shown i n  F igu re  

23. Three modes of  end re lease  were i nves t i ga ted .  One, des ignated 

as curve B ,  i s  p robab ly  the  most p h y s i c a l l y  r e a l i s t i c  s i t u a t i o n  i n  a  

bu rn ing  s o l  i d  p rope l  l a n t  g r a i n .  These da ta  were ob ta ined  by success ive 

computer runs i n  whi ch the  crack leng ths  were increased. The i n v e r s e  

square r o o t  o f  the  s lope  of these curves was then  taken t o  produce t h e  

curves shown i n  F igu re  24. These norma l i zed  da ta  form t h e  paramet r i c  

curves, somewhat a k i n  t o  shape f a c t o r  curves, f o r  use i n  design. These, 

when u s i n g  the  app rop r i a te  parameters, are the debonding f a i l u r e  

c r i t e r i a  f o r  p ressure  load ings  on an axisymmetr i  c  body, bonded t o  a  

r i g i d  con ta iner .  I t  i s  no ted  t h a t  t he  adhesive sur face  energy 

dens i t y ,  ya, i s  one of the  parameters necessary f o r  eva lua t i on  o f  

the  curves. Th is  adhesive sur face  p r o p e r t y  may be ob ta ined  as des- 

c r i b e d  i n  re ferences (37, 45). It should be no ted  t h a t  the l e f t  

hand p o r t i o n  o f  the  curve, f o r  a  s/b < 0.04 was cons t ruc ted  from 

t h e o r e t i  c a l  r e l a t i o n s h i p s  w h i l e  t he  remainder o f  the curve was d e r i v e d  

from the  computer ou tpu t .  I t may a l s o  be no ted  t h d t  t h e  asymptot ic  

va lue on the  r i g h t  hand extremes of t h e  curves do n o t  iigree w i t h  what 

i s  expected f rom an i n f i n i t e  grain t h e o r e t i c a l  s o l u t i o n ,  (54) i t  i s  

thoughr t h i s  d i % ~ r e p a n ~ y  9's due to t he  re1 a t ~ v e ' l y  short gl-a-in length 



used i n  the idealized model. The L/D of the model i s  on?y 9 -89 o r  

L/R = 3.78. I t  i s  noted tha t  simil a r  discrepancies were obtained 

in reference (53) ; Figure 16 fo r  L/R = 4.0. 

An acceleration loading of 100g's was placed on the same 

idealized geometry except tha t  the ends of the axisymmetri c body 

were considered to  be free.  Again, the s t ra in  energy was calculated 

fo r  various release areas (see Figure 25 ) .  The slope and the inverse 

of the square root of the slope were obtained with the l a t t e r  being 

shown in Figure 26. 

The idealized model used for  acceleration has no transverse 

plane of symmetry, thus,  the L/R r a t io  i s  1.89. Hence, these results 

also are not comparable to  the in f in i t e  length asymptote. 

3 . 3 . 2  Fiber PuZZ-out Problem 

In f ibe r  reinforced composite materials, strong s t i f f  f ibers  are  

imbedded in a matrix of lower density and modulus. If the materials 

are  properly incorporated there resu l t s  a l igh t  b u t  strong material. 

Loads imposed on such materials are carried primarily through the f ibers .  

Since i t  i s  very d i f f i c u l t  t o  externally load a l l  the Pi bers uniformly 

the matrix component serves to  t ransfer  loads through shear from 

highly loaded f ibers  to  adjacent b u t  low stressed f ibers .  The matrix 

must adhere to  the f ibers  in order to  implement this  load t ransfer ,  

This has been recognized fo r  some time in the composi tes industry, 

particularly the rubber t i r e  industry where evaluation t e s t s  for  the 

bond strength a re  frequently r u n ,  The t e s t  currently used i s  a f i b e r  



( s t e e l )  concentrically imbedded and cured i n  cylinder of r u b b e r ,  and 

then longitudinally pul?ed o u t .  The force necessary t o  withdraw the 

f ibe r  i s  designated the bond strength. 

I t  i s  readily apparent that  stresses will not be uniformly 

distributed along the f ibe r  nor in the matrix material. Further 

investigation shows s t ress  s ingular i t ies  to ex is t  a t  the rubber surface 

where the f ibe r  i s  inserted and a t  flaws in the bimaterial interface. 

This problem i s  basically similar to  the solid rocket problem and will 

be treated in the same manner. 

Mention will be again made concerning the nature of the s t ress  

singularity near the t i p  of a flaw. Philosophically speaking, known 

solutions are only applicable when the properties of the two materials 

are  the same or when one material i s  incompressible and the other i s  

r ia id .  Otherwise osci l la t ions occur in the singularity and i t  i s  not 

integrable. I t  i s  emphasized that  when the osci l la t ions are  ignored 

as a practical matter, errors of the order of the geometric region 

containing the osci l la t ions,  are introduced. Checks should always be 

made when the osci 1 lating si  ngulari t i e s  ex is t .  

Consider a s t i f f  f iber  tending to  be withdrawn from an e l a s t i c  

b u t  much lower modulus surrounding matrix. This may be modeled using 

the d i rec t  s t i f fness  method. A half-section of the axisymmetric 

model i s  shown in Figure (27'). For these computations, the mechanical 

properties of the f ibe r  correspond to  that of a carbon filament an; 

those of the matrix correspond to an  epoxy, S h ~ w n  in Figure (28) are 
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the  mechanical properties and boundary cond i t i ons  used i n  t h e  

ca lcu la t ions  , 

Cai c u i  ated s t ra in  energies versus re1 eased area for  the parti cul ar 

load inputs are shown in Figure ( 2 9 ) .  The influence of unbond  area 

on s t ra in  energy was also calculated for  areas across the imbedded 

t i p  of the f iber  (see Figure ( 3 0 ) ) .  Comparison o f  these resul ts  

(Figure (31))  indicate a propensity t o  debond a t  the matrix free 

surface for  uniform adhesive surface energy density over the bond 

area. 



Z V ,  CONCLUSIONS 

Cohesive 2nd adhesive fractures have been s t u d i e d  b ~ t h  aga7ytjcaJjy 

and exnerimentally usina their  common l ink ,  continuum mechanics. The 

cohesive fracture studies were conducted assuminq linear viscoelastic 

media and s i m ~ l i f i e d  qeometry, whereas the adhesive fracture study 

assumed l inear  e l a s t i c  media. Due to  the difference in material 

assumptions and qeometri cs , the conclusions wi 11 be l i sted separately. 

4 .2  COHESIVE-VISCOELASTIC FRACTURE 

1 .  Predictive fat iaue re1 ations were analytically derived 

for  simnle flaw neometries with disnlacement boundary condi- 

t ions in a 1 inearly viscoelastic material. These isothermal 

relations implicit ly show the fatique l i f e  to  vary anproxi-' 

mately with the inverse of the loss modulus. 

2 .  Exnerimental fatique t e s t  resul ts  were not as predicted due 

t o  temperature increases resul t i  na from vi scous enerqy di ss i  - 

nation in the t e s t  specimen. 

3. Crack t i n  temaerature measurements durinq dual  frequency 

cyclic fat iaue t e s t  qraphicaliy i l l u s t r a t e  the importance of 

th i s  narameter on fatique l i f e .  

4. Thermomechani cal counl i nq considerations are necessary for 

accurate develo~rneritocsf fatiaue fracture i-jredfctive 'i.elats'ons. 

Oual i t a t i  ve arquments show the isothermal f a t i  que 9 i f e  ore- 

dis"cions are l o w  a t  iinnosed frequencies less  than the frequency 

of maximum enerrry d i s s l ~ a t i o n  (w,). and h i o h  for frequencies 

qreater than the frequency urn. 



1 .  A simple t e s t  for evaluatina certain cases of adhesive fracture 

has been developed. Results are internreted in terms of a  frac- 

ture  energy t h a t  may be used for  c~mparative evaluation of 

materials and bondinp processes and for  engineerinq fracture 

analysis. 

2. The flaw-si ze-load re1 ationship developed by Wi 11 iams (12)  

assuming el a s t i c  fracture i s  experimentally verified.  

3.  Experimental indications are that adhesive fracture energy i s  

time denendent, which suqqests the need to  include time 

dependent terms in the enerqy balance. 

4. Until time dependent analyses become avai lab1 e ,  enai neerinq 

appl ications of el as t i  c  fracture analysis are demonstrated by 

nrobl em solutions. 

Enai neerinq applications of e l a s t i c  fracture analysis are demon- 

s t rated by solutions t o  a  solid rocket bonding problem and a  f iber  null- 

out problem. These ~roblerns are by no means inclusive of the fracture 

nroblems that  may be encountered, I t  i s  honed the reader i s  encouraged 

to study fracture and contribute t o  the further development of t h i s  

interestinq f ie ld .  
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Stress 1nLens-i t y  F a c t o r ,  K, , "or  :";iriolls f eo??e'tr-i es 
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RAW TEST DATA 

Tab le  2 

CONSTANT FREQUENCY TESTS 



Tdbld" 3 

MULTIPLE FREQUENCY TESTS 

F1 c/m F2 c/m 
Test Ini t i  a1 Fin a1 Cycles Cycles Crack 

No. Frequency Frequency @ Fl @ F2 Growth 



Table 4 

AVERAGE CYCLES TO FAILURE 

1 I n i t i a l  F i n a l  T o t a l  Cycles % 

/ Frequency Frequency a t  Di  f f e  ren  ce 

I c/m c/m Fai l u r e  
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F i g u r e  1. Comparison o f  tile propaga t ing  f l a w  s o l u t i o n s  f o r  tivo 
l o a d i n g  c o n d i t i o n s  

Fiirure 2 .  Depenc?e.ice of f a t i g u e  l i f e  on Preciuency f o r  
v i s c o e l a s t i c  mater ia?  





Figure 5 .. Observat ion Angle 
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Figure 10. E s t i ~ a t e d  temperature r i s e  vs .  time f o r  a  v i scoe las t i c  
sample ir! uniaxial c y c l i c  f a t i g u e  (o c 

Fiqure 11 Es t i rx t ed  change o f  f a t i  yue l i f e  a t  cconsta~t 
frecjuevlc:/ due t o  terperature increase 



Figure 72 .  Comparison of f a t i g u e  l i f e  for fan cooled and 
t l i ~ ~ 0 0 1 e d  sam?les 
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F i o u r e  18 Sketch of t h e  d e f l e c t e d  o l a t e  



Figure  19-a ,  Photograph o f  b l i s t e r  t e s t  a p p a r a t u s  

F ~ y u r e  19-b, A blister t e s t  i n  progress 
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Figure 24 .  Crit ical  pressure vs .  crack l e n g t h  -For bol-~rl fa i lure  
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Figure 26.  Inverse square root  of energy r e l ease  r a t e  f o r  
acce lera t ion  loading 





Figure 28. Schematic of area release on filament problem 
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F i g u r e  29. S t r a i n  energy versus release area on filament problein 
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Figure 30. P r o f i l e  of Hypothesized Unbonds i n  axisymmetric body 
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